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IV. On the Residues of Powers of Numbers jor any Composite Modulus, Real or
Comple.

By Georrrey T. Bennerr, B.4.

Jommunicated by Professor Cavruy, F.R.S.
Received April 8,—Read May 5, 1892.

Tur present work consists of two parts, with an appendix to the second. Part I.
deals with real numbers, Part 1. with complex.

In the simple cases when the modulus is a real number, which is an odd prime, a
power of an odd prime, or double the power of an odd prime, we know.that there
exist primitive roots of the modulus ; that is, that there are numbers whose successive
powers have for their residues the complete set of numbers less than and prime to
the modulus. A primitive root may be said to generate by its successive powers
the complete set of residues. It is also known that, in general, when the modulus
is any composite number, though primitive roots do not exist, there may be laid down
a set of numbers which will here be called generators, the products of powers of which
give the complete set of residues prime to the modulus.

The principal object of Part I is to investigate the relations which must subsist
among any such set of generators; to determine the most general form that they can
take ; to show how to form any such set of generators, and conversely to furnish tests
for the efficiency, as generators, of any given set of numbers. Other results which
are obtained as instrumental in effecting these objects, such as the determination of
the number of numbers that belong to any exponent, may also possess independernt:
interest.

The object of Part I is to make, for complex numbers, an investigation which
shall be as nearly as possible parallel to that of Part I for real numbers. Much of
the work of Part I. may be applied immediately to complex numbers; of the rest
some will need slight modification, and some will need replacing by propositions
leading to corresponding results.  Of those cases which thus call for independent
treatment, the most noticeable is that of the modulus (1 4 7)*, which is the
complex analogue of the real modulus 2%

The work is put in the form of a series of propositions, and is started almost from
first principles. The early part is consequently elementary, but the advantages of
completeness and ease of reference may be more than sufficient to compensate for this,
A large number of illustrative examples are given. These will sometimes, perhaps,
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190 MR. G. T. BENNETT ON THE RESIDUES OF POWERS OF NUMBERS

assist in elucidating the symbolical proofs which they follow; in all cases they will
help to maintain clearly the actual arithmetical meaning of the results arrived at, a
meaning which may easily seem obscure if it be noticed only in its symbolical and
generalised form.

The Appendix contains tables of indices for complex numbers for all moduli whose
norms do not excced 100.

PART I.—ON THE RESIDUES OF POWERS OF NUMBERS FOR ANY COMPOSITE
‘ REAL MODULUS.

In what follows (except when the contrary is explicitly stated) we shall be treating
of the residues of powers of numbers which are prime to the modulus with regard to
which those residues are taken ; and the modulus will be taken to be any composite
number whatever. In this first part, moreover, all the numbers dealt with are real.

(L.) The residues (modulus m) of the successive powers of a number a prime to m
form a recurring series of periods of terms, the first period beginning with the first
term.

Consider the series of numbers

a, o, o .,

Since « is prime to m, therefore any power of @ is prime to m, and therefore the
residue of «* for modulus m is prime to m.
Ilence each term of the series of residues,

a, a? a® ... (mod m),

is one of the numbers less than m and prime to it.

There are ¢ (m) numbers less than = and prime to it.

Hence in the above infinite series there are only ¢ (m) different terns.

Suppose that. the first term which oceurs for the sccond time is a/** (mod ), and
suppose that this is congruent to o,

Then

where s and 7 are hoth to have as small values as possible.

a (! — 1) = 0 (mod m),
and since a' is prime to m,
a — 1 =0 (mod m),
and o
Wt == a (mod m),
for every value of o
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FOR ANY COMPOSITE MODULUS, REAL OR COMPLEX. 191

Hence the term which first appears a second time is the first term «; which
appears next as a1, ¢ being the least number for which
) ’ o

a'=1 (mod m).

Definition.—The smallest number ¢ which makes ¢/ = 1 (mod m), where @ is prime
to m, is called the exponent of o for modulus m. Cavcny uses the word < endicator”
in the same sense. He also uses “ mawimum indicator ” to denote what will be calied
the highest exponent.

Thus the infinite series of residues of «, a? o, ... consists of a repetition of the
period of ¢ terms beginning from the first term.

(2.) If ¢ be the exponent of « and =1 (mod m) then ¢ divides s.

Let

s=qt + r where » < ¢.

Then
= ot =1 (mod m),
(). =1 (mod m),

a" =1 (mod m),
whercas ¢ is the smallest value (not zero) which makes o/ = 1. Therelore

r =0,
therefore
¢ divides s.
(3.) Furman's Lheoren. ,
at =1 (mod ).

Let ay, ay, ay, . .. oty be the ¢ (m) numbers less than . and prime to it.

Take any one of them a.

Then since acw,, amy, ada, . . . ac, e, (mod m) ave all prime to m, and no two con-
gruent, they must be the same set of numbers as aj, ay, . . . ¢4, ; therefore

gty o Gy BP0 = a0y o oLy (mod 1),
and, thercfore,
at™ =1 (mod m).

Corollary.—1t follows from this proposition and proposition (1) that the expounent
of any number (modulus ) is always a divisor of ¢ (m). The propositions which
follow will determine that divisor.

(4.) If ¢ be the exponent of « then the exponent of «*is 7: where ¢t = «r and « is

the G.C.M. of s and ¢
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192 MR. G. T. BENNETT ON THE RESIDUES OF POWERS OF NUMBERS

Let 'I' be the exponent of a.
We have
al =1 (mod m),
theretore
=0 (mod a),
@t == 1 (mod m),
() = 1 (mod m),
theretore
T divides 7. (Prop. 2.)

Again,
(@) = 1 (mod m),
therefore
" = 1 (mod m),
therefore
{ divides sT,
therefore
rr divides ko'l
therefore
7 divides o'l',
therefore
7 divides T,
therefore
T =r.
Liwample.—The  exponent, of 3 for modulus 308 is 30: the residucs of its

suceessive powers are given in the following tabie :—

Number . . . 3 9 27 81 243 113 31 93 279 221
Power of 3 1 2 3 4 5 6 7 8 9 10
Exponent . . 30 15 10 15 G 5 30 15 10 3

Number . . . 47 141 115 3 111 25 75 225 59 177
Power of 3 . . 11 12 13 14 15 16 17 18 19 20

Exponent . . 30 5 30 15 2 15 3 5 30 3
Number . . . 223 53 159 169 199 289 251 137 103 1
Power of 8 . . 21 22 23 24 25 26 27 28 29 30
Ex.ponent . 10 15 30 D 6 15 10 15 30 1

where the expounents are all immediately deducible from the propositiow.
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FOR ANY COMPOSITE MODULUS, REAL OR COMPLEX, 193

(5.) The exponent of a is ¢ and of @ is t' and ¢ and ¢ are co-prime; then the
exponent of aa’ is ¢t'.
Let T be the exponent of aa’.

Then,
a/=1 (mod m) o’ =1 (mod m),
therefore
o =1 (mod m) a™ =1 (mod m),
therefore
(ac)” =1 (mod m),
therefore
T divides ", (Prop. 2.)
Again,
(@) =1 (mod m),
(aa’)"® =1 (mod m),
a™=1 (mod m),
therefore
, ¢ divides T¢ (Prop. 2),
therefore '
¢’ divides T.
Similarly,

¢ divides T,

and therefore (since ¢ and ¢’ are co-prime),

tt’ divides T,

therefore
T =1t
Corollary.—It follows that if the numbers @, o/, a”, . . . have exponents (for

modulus m) ¢, t' ¢”, ... these exponents being all co-prime, then the exponent of

W14

ad’a” . . is et . ..
Example.—The exponent of

23 mod 308 is 6; (23. 221, 155. 177. 67. 1),

and the exponent of
113 mod 308 is 5; (113. 141. 225, 169. 1).

Since 5 and 6 are co-prime, it follows that the exponent of

185 =23. 113 is 30.

Corollary.  Example.—The exponent of
MDCCCXCITL—A. 2 ¢
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194 MR. G. T. BENNETT ON THE RESIDUES OF POWERS OF NUMBERS

111 1s 2
221 is 8 Stherefore the exponent of 111, 221. 113 =3 is 30.
1181is 5

(6.) Let a have exponent ¢t and a’ exponent ¢ and suppose that ¢ and ' are not
co-prime. Then, if ¢ and ¢ contain no prime factor raised to the same power in both,
the exponent of aa’ is the L.C.M. of ¢ and ¢ ‘

Let
If = KT,}where 7 and 7’ are co-prime,
b= k1
then
a* has exponent = (Prop. 4),
a™ has exponent 7 (Prop. 4),
therefore,

(ao’) has exponent 77" (Prop. 5).

So if aa’ has exponent T, then

where 77" divides T, z divides « and z is prime to 77'. (Prop. 4.)

Now since ¢ and ¢’ contain no prime raised to the same power in each, therefore 77’
contains every prime factor which occurs in ¢ and ¢’ and therefore contains every
prime factor which occurs in . Hence z cannot divide « and be prime to 77" unless
it be unity.

Therefore,

T = krv’ = L.C.M. of t and ?'.

(7.) If a has exponent ¢, @’ has exponent ', o — ¢, &e., for modulus m, and if, of
the 't . .. numbers a’a™a™" . .. (mod m) formed by giving to # all values modulus ¢,
to 7" all values modulus ¢’ . . ., no two are congruent ; and if

a'a e .. =1 (mod m) ;
then we must have
=1, a"=1, «""=1,... (modm)

For suppose that at least one of these congruences is violated.
Say
o £ 1 (mod m),
and, therefore,

s £ 0 (mod ?).
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FOR ANY COMPOSITE MODULUS, REAL OR COMPLEX. 195

Then, because
/‘s./ //51/

wa¥a”” ... =1 (mod m),

therefore (multiplying by a/~*),

alaa" . . . =a'= (mod m),
or _
aa*a”” ... =o' (mod m),
or _
oo =t a0 (mod m),

1yt

which is contrary to the supposition that no two numbers of the form a’a™ ...
(mod m) are congruent ; for the last congruence obtained shows that if we make

p =0 '7" =SI ’}"" — «5'“ .
p=t—g¢ 7”=0 =0

where
t — s % 0 (mod ),

the two numbers are congruent.
Hence, we must have

s =0 (mod ?),
and, therefore,
a* =1 (mod ?).
Similarly,
a* =1 (mod t'), &e.
Definition.—1If a, o, o” ... have exponents ¢, 7/, t’,... and if no two of the
t¢'t” . . . numbers that can be formed by products of their powers are congruent
modulus m (as in the last proposition), then these numbers, a, @, a”, . . . which

generate the ¢¢'¢” . . . incongruent numbers, will be called independent generators.

The last proposition may then be stated thus:—If a product of powers of a set
of independent generators be congruent to unity, then each of those powers is itself
congruent to unity.

(8.) If a, &, &, . . . independent, generators, have exponents ¢, ¢, t”, . . . then the
exponent of aa’a” . . . is the L.C.M. of ¢, ¢/, t" . ..

Let T be the L.C.M. of ¢, ¢/, t”, . . . and 7 the required exponent of aa’a” .

=1 (mod m),
therefore,
o™ =1 (mod m).
Similarly,
@’ =1 (mod m), &c.,
2 ¢ 2
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therefore,
('’ ... )" =1 (mod m),
therefore,
v divides T. (Prop. 2.)
Again,
(aa’e” ...y =1 (mod m),
therefore,
aaa’” ... =1 (mod m),
therefore,
7 =0 (mod ¢)
=0 (mod ¢') »(Prop. 7),
=0 (mod t”) .
therefore,
T divides 7,
therefore,
T=n

Corollary.—1f the exponents ¢, ¢', ¢, be all of them powers of the same prime, and
@, &, a”, . .. are independent generators, then the exponent of the product aa'a” . .
is equal to the greatest of the exponents ¢, ¢, ¢ . . . '
(9.) If the exponent of ¢ for modulus m is ¢, and for modulus » is ¢/, and if m and
n are co-prime, then the exponent of « for modulus mn is the L.C.M. of ¢ and ¢
Let t” = tr = ¢'7" where 7 and 7’ are co-prime, so that ¢” is the L.C.M. of ¢ and ¢\
Let the exponent of @ for modulus mn be T.
Thus we have :
a/=1 (mod m),
and, therefore, raising to the power 7,
a/ =1 (mod m).
Similarly,
a” =1 (mod n),

and, therefore (since m and n are co-prime),

o/’ =1 (mod mmn),

therefore
T divides ¢”. (Prop. 2.)
Again,
o' =1 (mod mn),
therefore
a" =1 (mod m),
therefore

¢ divides T.
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FOR ANY COMPOSITE MODULUS, REAL OR COMPLEX. 197
Similarly,
t" divides T,
therefore
¢ divides T.
Therefore
T=1¢".
Corollary.—If the exponents of a for moduli m, m’, m”, ... are respectively

’ 1

¢, t,t", ... and the moduli are co-prime, then the exponent of « for modulus mm'm” .
is the L.C.M. of ¢, ¢/, ¢t". ..
Lrxamples.—The exponent of

3 for mod 4 1is 2 (3. 1.)
3 for mod 7 is 6 (3. 2. 6. 4. 5. 1.)
3 for mod 11 is 5 (3.9.5. 4. 1.)

Therefore the exponent of

3 for mod 4. 7. 11 = 308 is 30.
The exponent of
5 for mod 4 is 1.

5 for mod 7 is 6 (5.4.6.2. 8. 1)
5 for mod 11 is 5 (5.8.4.9. 1)

and, therefore, the exponent of
' 5 for mod 308 is 30.

The exponent of
9 for mod 4 is 1.

9 for mod 7is 3 (2. 4. 1.)
9 for mod 11 is 5 (9. 4. 8. 5. 1.)

and, therefore, the exponent of ‘
9. mod 808 is 15.

(10.) If the exponent of « is ¢, and ¢ = pgr . . . where p, g, r are co-prime factors
of ¢, to express « as a product of numbers whose exponents are p, ¢, 7. . .
Let

P=0(modgr...)] Q=0(modpr...)
=1 (mod p) } =1 (mod q) &

These congruences determine one value each and one only (mod ¢) for P, Q, . . .


http://rsta.royalsocietypublishing.org/

aA
//A ?\\
A

[~

A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

1\

[~y

/J
A

\

a

/N

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

198 MR. G. T. BENNETT ON THE RESIDUES OF POWERS OF NUMBERS

~o* has exp p (Prop. 4),

39 %) Q’
&e.

o

From the above congruences we obtain
P =1 (mod p),
Q=0 (mod p),

R = 0 (mod p),
&e.
therefore, by addition,
P4+Q+R+...=1(modp).
Similarly,
P+Q+4+R+...=1(modg),
&e.,
and, therefore, since p, ¢, , . . . are co-prime,
P+Q+R+...=1(mod?),
therefore

a’.at a®. . . = o (mod m).

And so ¢ is expressible (in one way only) as the product of numbers a¥, a® .
whose exponents are p, ¢ . . .

Haxample—3 has exponent 30 mod 308.

To express it as a product of 3 numbers with exponents 2. 3. 5,

P =0 (mod 15) Q=0 (mod 10) R =0 (mod 6)
=1 (mod 2) =1 (mod 38) =1 (mod 5),
therefore -
P=15 Q=10 R = ¢,
" and, therefore,
3 =31, 310, 86 = 111, 221, 113 (mod 308)
where
111 has exp 2
221 ,, ,, 3
118 ,, , 5

Similarly 79 has exponent 30 (mod 308), and

TO=7918.7910 796 =43. 177. 141 (mod 308)
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where
43 has exp 2

77, , 3
141, 5 5

(11.) The number of numbers that belong to any exponent ¢ when the modulus is
a prime p is ¢ (¢).
If there are any numbers which have exponent ¢, mod p, lel & be one.

Then because
o =1 (mod p),

therefore each of the ¢ incongruent numbers

o, a? od, ... o

when raised the ™ power is = 1.

Hence each is a root of ' =1 (mod p) which has only ¢ incongruent roots.

Therefore every number 8 which has exponent ¢, and which is therefore such that
B'=1 is included in the above set. Hence every number with exponent ¢ is to be
found in the above set. Now, of the powers of « there are ¢ (£) which have their
index prime to ¢, and which, therefore, have exponent ¢ (Prop. 4).

Therefore if there is one number with exponent ¢ there are ¢ (¢), and no more.

Now if ¢, £,, . .., are all the divisors of p — 1, and, therefore, all possible exponents
(Prop. 3, corollary),

¢ (t) + )+ ... =¢(p)

Corresponding to each value ¢ there are either ¢ (¢) numbers or none with ¢ as
exponent. The number of numbers altogether is ¢ (p). Hence in no case can there
fail to be ¢ (¢) numbers with exponent ¢.

Corollary.—In particular there are ¢ (p — 1) numbers with exponent p — 1,
modulus p, .e., any odd prime p has ¢ (p — 1) primitive roots.

(12.) The exponents to which a number a belongs for successive powers of a prime
o as moduli, ‘

We suppose that o is prime to p and that p = 2.

Let the exponents to which @ belongs for the moduli p, p% p% ...p"... be
tys ty lgy « . . respectively.

Then because

ar1=1 (mod p**'),
therefore
a1 =1 (mod p*),
therefore
ty divides #,,,. (Prop. 2.)
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Again
ar=1 (mod p*),

therefore (raising to the pt power ¢ =1 4 kp*)
arh=1 (mod p**),

therefore
tyr divides pt,.  (Prop. 2.)

It follows from these two results that either ¢,,, = ¢, or t,,, = pt,.

Each exponent in the series ¢}, ,, ... ¢, ... is either equal to that immediately
preceding it or is p times that value. _
We can show, however, that after the first set of equal exponents ¢, =¢, = ...

comes to an end, that each exponent is p times that which immediately precedes it.
For suppose that, if possible, after
b = Pty
we can have
bave = by
We thus have
live =ty = Pl
Now
o =1 (mod p*) = 1 + wp* +yp* "',
say, where x < p.

Also,
o’ = g2+2=1 (mod p***),
therefore
(1 4 zp*+ ypr+' ) =1 (mod p**+?)
1+ apr+t=1 (mod p***)
therefore :

z =0,
and, therefore,
at)\ — 1 + yp)\-& 1

=1 (mod p**").
Therefore

ty 41 divides t,,
which is not so. Therefore we cannot have

bawe =
if
Iy s1 = Py,
and therefore we must have
bave = Pl
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If, then, the exponent of & for modulus p be ¢ = ¢ and af — 1 contain p® as the
highest power of p, we have
a'=1 (mod p°),
and

And after these
ts 1= ]Ots,
ts(-l— 2 = Pts + 15

&e.
Hence the exponent of « for modulus p* is

tif A<,
tpr e if A >,

where ¢ is the exponent of « for modulus p, and p* is the greatest power of p that will
divide o' — 1.

Corollary.—The greatest value that ¢ can have is p — 1. This is so when « is
congruent to a primitive root of p (Proposition 11, corollary). The greatest value
that p*~* can have is got by making s as small as possible, viz., by making s = 1, v.e.,
by taking @ so that a?~'— 1 (though necessarily divisible by p) is not divisible by p*

Therefore the greatest possible exponent that a number can have for modulus p* is
(p—1). p*~Y and as this is equal to ¢ (p*) it follows that primitive roots exist for a
modulus a power of a prime.

Examples.—Exponent of 3 for mod 5°,

The exp of 3 for mod 5 is 4 (3. 4. 2. 1).
3% — 1 = 80 is divisible by 5%

Therefore
exp of 3 is 4. 5° (mod 5°).
Exponent of 24 for mod 5%, >
The exp of 24 for mod 5 is 2 (¢ == 2).
24% — 1 = 3575 which is divisible by 5% (s = 2).
Therefore

exp of 24 mod 5% = 2. 54,

(13.) The exponent to which a number « belongs for a power of 2 as modulus.
- The number « is now to be considered odd,

Let t,, ty, tg, . . . by . . . be the exponents of a for moduli 2, 2%, ... 2*. ..

MDCCCXCIIL —A. 2D
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We have

a1 =1 (mod 2M™).

Therefore
ar =1 (mod 2%);
therefore ,
t, divides ¢,.,. (Prop. 2.)
Again
a*=1(mod 2') =1 + «.2" 4 y.2"*! (where 2 = 1 or 0).
Therefore

o =1 (mod 2**'),
and therefore ,
lyyy divides 2¢,.
Therefore either
b1 = Iy
or .
b = 2ty
Suppose now that after
b = 28,
we can have
bae = lypre
Then
a*=1 (mod 2*) = 1 + 2.2 4 .2,
Therefore
ar =1+ 2. 2" 4 2%2* (mod 2*?).
Now if A32, then
ONZN 4 2,
and therefore
a*r =1 4 2.2 (mod 2*+?).

Now
. ' = a2 =1 (mod 2**?),
therefore
x =0,
Therefore
o =14 x.2" + y2"' =1 (mod 2**1),
therefore

tryq divides iy,
which is not so.
Hence we have the result, when A 2 2 and ¢,,, = 2¢,, then ¢,., = 2t,,1.
The first exponent ¢;, of the series, is equal to unity.
If this be followed by a set of 1’s (at least one), then by what has been proved they
will be followed by the series 2, 22, 2% . . .
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If the second exponent be a 2, the third may be also, and so on; the series then
continues with 2% 23 2% ... Of the 2’s there are at least two ; for otherwise the first
three exponents would be ¢, = 1, t, = 2, t; = 4, making 4 an exponent for mod 2° = 8,
which is impossible.

Hence the series of exponents run either thus—

1.1, 1....1.2,.2% 28 92¢ .
or thus
1.2.2....92 2. 2% 23 2% .

These results can be expressed thus—

Let the highest power of 2 which divides a®— 1 ke 2'*'. (Since a is an odd
number, s is at least equal to 2.)

Then the exponent of a is

if A>s, 2V

e 2if ¢®*=1 (mod 2") and & = 1 (mod 2*).
PR it e =1 (mod 29,

Corollary.—The greatest exponent possible for mod 2*is 27%; and as ¢ (2") = 27,
primitive roots do not exist.
Examples.—Exponent of 3 for mod 2°.

Exp of 3 for mod 2 is 1,
, . 2%is 2,
’ " 2%is 2,
., ), 2t 15 4,

and therefore
exp of 3 for mod 2% is 16

Fxponent of 35 for mod 64 = 2° (A = 6).

352 — 1 = 1224 = 153.23,
therefore
s = 2,
therefore
exp of 35 is 2%

Exp of 41 for mod 128 = 27 (A - 7).

41 — 1 = 1680 = 105.2%
22
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therefore
s= 3,
therefore
exp of 41 = 27=% = 24,

(14.) The numbers which belong to exponent 2 for modulus 2* (xS 3).
Let @ bave exponent 2, modulus 2~
Then
a® =1 (mod 2)
and
a % 1 (mod 2¢).
The congruence
a?=1 (mod 2°)
gives

(@ = 1) (@4 1)=0 (mod 2v).

Since @ is odd, if 27 is the highest power of 2 that divides ¢ — 1 and s > 1, then
the highest power of 2 that divides @ 4 1 is 2, and vice versd.
Hence either
a + 1=0 (mod 27,
or
@ — 1=0 (mod 2¢71).

Therefore (excluding @ = 1 (modulus 2*)) we have three numbers whose exponents
are 2 for modulus 2%, viz., .

2=l 41, 2 —1, 2" — 1. (mod 2).
The product of each pair of these is congruent to the third.

@'+ nE—-1=2t-1
=1 '=—)=—22""14+1=2"4+1 > (mod 29,
("=t )=2r—1

(15.) The numbers which have exponent 2¢ for modulus 2~
We have already seen that s } x — 2, and we have already treated (Prop. 14) of
the case when s = 1.
Let o have exponent 2°. .
The exponents to which it belongs for successive powers of 2 as moduli are given
either by
exp 1. 1. 1.. . 1 2. 2% L.
mod 2. 2% 25, ... 27 gemet i gemare o oe [V
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or by
Exp 1. 2.2.... 2 2% ... 2
Mod 2. 22, 23, .. . 2«75+l Qe=s o 9x

In either case
a®*=1 (mod 27 °+1)
a® % 1 (mod 2 +7),
therefore
=1+ 277" (mod 2°~**%),
and therefore
a=d4 1+ 27 (mod 2¢~**1).

Thus the numbers (modulus 2¢) which have exponent 2' are the 2* numbers
given by
4 1 4 2°=* (mod 2+~ +1),

In particular, the numbers with the greatest exponent 2~ are the 2“~* numbers
+ 1 + 2° (mod 2°).
We have seen that there is one number (viz., unity) with exponent 1.

there are 3 numbers with exponent 2.
2
22 2 22 b bl el 2 .

o, 2k . 9r=2

Inall, 1 +342"42°+ ... 4 2¢72 = 2°"' = ¢ (2%), the number of odd numbers
less than 2%, as it should be.

(16.) If we take any number ¢ which has exponent 2¢~* for modulus 2¢, the
successive powers of g give 2¢~* incongruent numbers, one half of the complete set of
odd numbers less than 2~.

Of these, one and only one, has exponent 2, viz., g% ~° (Prop. 4).

Now

9=+ 1+ 2 (mod 2%
squaring,

= 142 (mod 2%
and successively squaring

Il

g% 14+ 2% (mod 2%)

.gx—fﬁ

il

1 4 2 (mod 2°).
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So of the three numbers 2* — 1, 27 ' 4 1, 2*7' — 1, it is always 2~ ' 4 1 to which
the power 2¢~* of any number with exponent 2*~* is congruent.

Let f be either of the two numbers 2* — 1, 2*~'—1; so that gg"_s % f(mod 2).

Consider the 2¢~! numbers

9,99 - 9
Jo fP S J R

Clearly no two in the first row are congruent, nor in the second.
The supposition

(mod 2¢).

f‘97 = gr+t (mOd QK)
leads to
g (¢¢ — f)=0 (mod 2)
¢' = f (mod 2v),

which is contrary to the supposition that ¢*°, and therefore no power of ¢ is
congruent to f.

Therefore no two of the above 2°~' odd numbers are congruent mod 2, and hence
they are the 2*~' numbers (mod 2*).

If for £ we take 2 — 1 = — 1 (mod 2%), the 2*~' numbers may be written

+9 +9h+g%. .. Lg¥ (mod 2¢).
Whichever number be taken for £, any number (mod 2) is expressible in the form

a = fig/ (mod 2¢),
where

1 18 referred to mod 2, }

J is referred to mod 2¢~2,

Note.—In the last propositions relating to mod 2, « is supposed to be 3 3.
In the case x = 2, when the modulus is 2% = 4, there are two odd numbers, less
than the modulus, viz., 1 and 3, and 8 (having exponent 2) is a primitive root.
In the case k = 1 when the modulus is 2, the only odd number is unity.
We see that the case when the modulus is a power of 2, differs very much from the
case when the modulus is a power of an odd prime.
‘When the mod is 2% (« 5 3).
(i.) The highest exponent is not ¢ (2%) = 277, but 2*~% and hence there are
no primitive roots.
(ii.) The form of the numbers which belong to any exponent is known, and the
numbers can be at once written down when « is known. In particular
the numbers 4 1 4 2% (mod 8) always belong to the highest exponent.
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When the modulus is a power of an odd prime.
(i.) Primitive roots always exist.
(ii.) The determination of primitive roots depends on a knowledge of those of
the prime in question. )
Examples.—For modulus 2° = 32 the numbers which belong to the different
exponents are

Expi1. 1.
Exp 2. 15.17. 31
Expd4. 7.23. 9.25. . . . . (414 8 (mod 16)).

Exp 8. 3. 11.19.27. 5. 13. 21. 29 (£ 1 + 4 (mod 8)).

The residues of powers of 3 are
3.9.27. 17. 19, 25. 11. 1.
Multiplying each by 2% -~ 1 = 31 we get
29. 28, 5. 15. 13. 7. 21. 31,
and, multiplying by 2* — 1 =15, we get

13. 7. 21. 31. 29. 23. 5. 15,
the same set.

Tae Table of Indices for Generators 3 and 15 is-—

0 1 2 3 | 4 5 6 7 (Inde?{
of 3.)
0 1 3 9 27 17 19 25 11
|
1 15 13 7 21 31 29 23 5
(Index
of 15.)

(17). From propositions (9), (12) and (13) the exponent to which any number
belongs for modulus m = 2*p*¢* . . . is readily determined. ’

For by (9) the exponent is the L.C.M. of the separate exponents of ¢ for moduli
2%, p*, ¢, . . . separately.

These exponents are separately determined by proposmons (12) and (13).

The greatest possible separate exponents are

2¢23f k33
2 if k=2 pfor mod 2% (p — 1) p*~! for mod p*, &e.,
1 if k=1

and, hence, the greatest exponent possible for modulus m is the I.C.M. of these.
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The value of '
b (m)is 271 (p—1)p" (g — 1) g7 ..

and, since p — 1, ¢ — 1, ... are all even, the L.C.M. can only equal ¢ (m) when

(i.) there is the only one odd prime p present ; and
(1) k =1 or 0.

Hence the only moduli which admit of primitive roots (which exist only when the
highest exponent is equal to ¢ (m)), are powers of odd primes, and double the powers
of odd primes.

Bxamples.—What is the exponent of 3 for mod 1000000 = 2°¢, 567

The exp of 3 for mod 2 is 2%
) ’ 5% 1s 4 . 5%,
Therefore
exp of 3 mod 10% = 2*. 5% = 50000.

How many decimal places are there in the period of the product of ‘01 and 01, z.e.,
what is the exponent of 10 for mod 99 X 99 = 3*. 11*?

Exp of 10 for mod 38 = 1.

" . 3= 1.
» » 3% = 3.
] In 3= 0.
5 ’s 11 = 2.
) , 11? = 22.

Therefore
exp of 10 for mod 3*. 11* =9 X 22 = 198.

Hence there are 198 figures in the period of (*0i)%

How many decimals are there in the period of (‘001)*, ue., what is the exponent
of 10 for mod (999)" = 37». 3%
The exp of 10 mod 3 is 1,
and
10 — 1 is divisible by 8%,

therefore
exp of 10 mod 8% ig 3%~%,
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Exp of 10 mod 37 = 3,

and
* 37! divides 103 — 1,
therefore
exp of 10 mod 37" = 3.37"~1,
therefore Q

exp of 10 mod 877, 8% = 8%~2 37»~1

the number of figures in the period.

(18.) We will next briefly consider the residues of successive powers of a number
not, prime to the modulus.

Let a be the number, m the modulus. »

Let m = pP : where p consists of powers of those primes which occur as factors
of @, and P is prime to .

Consider the series of residues

a.a’. ... (mod m).

Suppose that the first term which is repeated is a” and suppose that
o' =’ (mod m),

for which we seek the smallest values of » and ¢.
Then after the first  — 1 terms we shall have a period of ¢ terms constantly
repeated.
We have
a (a' — 1) =0 (mod Pp),

and P is prime to a. Therefore
@ —=1=0(modP) . . . . . . . . . (i)

Kach prime factor of p is a factor of a, therefore af — 1 is prime to p. Therefore
ar=0(modp) . . . . . . . . . . (i)

(i.) Shows that ¢ is the exponent of « for modulus P.

(ii.) Shows that # is the least number that makes o’ divisible by p.

Corollaries.—(1.) When a=1 (mod P)¢=1 and the period consists of one
term only. (i.) When a is divisible by p the period starts from the first term.
(iii.) When both these hold good, then every power of a is =« (mod m).

FExamples.—Residues of powers of 2 mod 100.

100 = 5%, 2%
Exp of 2mod 5 = 4
3] 2 52;‘-: 20

MDCCCXCITI.—A. 2 E
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therefore
t = 20,
and
2% is divided by 2?
therefore

r = 2.
2. 4. 8. 16. 32. 64. 28, 56. [2. 24. 48, 96. 92, 84. 68. 36. 72. 44. 88. 76. 52,
the points indicating the period.

Powers of 5 mod 1000 = 23, 53.

5 has exp 2 mod 2,
therefore
t = 2,
5% ig divided by 5%,
therefore
r=3.

5. 25. 125. $25.

Powers of 5 mod 1000000 == 26 . 56,

‘ 5 has exp 2* = 16 mod 2°,
therefore
t =16,
and
56 ig divisible by 55,
therefore )
7 = 6,
5. 25. 125, 62F, 3125, 15625W
78125
390625
953125
765625
828125
140625
703125
515625 g
578125
§90625
453125
265625
328125
640625
203]25J

15625
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Powers of 57 . 55 = 890625 mod 1000000.

Exp of 57 . 55 mod 2% is 1 (890625 =1 (mod 2%)),

and
" 57 . 5% s divisible by 59,
therefore
t=1
and
r=1,

and so all powers of 890625 are = 890625 (mod 1000000).

890625
890625

453125
81250
3750
25

890625

(19.) Let m = p,pyps . . . , where py, p,, ps, - . . are co-prime.
Take any number ¢ prime to .

Suppose that
0= a (mod py),

= a, (mod p,),
— o (mod 1),
&e.

Since a is prime to m and therefore to p,, it follows that e is prime to p. So a, is
prime to p,, a3 to ps, &e. ‘

Suppose now that, conversely, o, o, a,, . . . prime to p,, py, ps, - . . are given, and
we wish to find @, such that it is congruent to a, (mod p,), &, (mod p,), &e.
~ Let «, be determined from

X PoPs - - - =1 (mod p,),

which can be done, and in one way only, since p,p; .. .18 prime to p,; and when a,

is found let @, pypy . . . = &. Determine similarly &, & ... Then the number a is

given by

' L a= o€ 4 aéy + aé + . .. (mod m).
2 B 2
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For ‘
&, &, ... are all congruent to zero mod p,,
and
&€, is congruent to unity mod p,.
Therefore

o = a; (mod ),
and similarly
= a, (mod p,),
&e.,
and therefore

a =o€ + o, + s+ ... (mod m),

a formula which gives the value of o corresponding to given values of the o', the
cocfficients ¢ being independent of the «’s and depending only on the moduli
P Pe- -

Note.—The principal use 1o be made of this proposition and the next will be for
the special case when p,, p,, . . . are the powers of primes of which the modulus m is
the product.

(20.) Let us take two numbers expressed in this form,

a =o€ + #,€, + .. . (mod m),
b=B¢ + B+ ... (mod m),

in which

£ =1 (mod py) |

Y
0 (mod m)f
A Vg

Il

with similar relations for &, &, . .

Let us form the product of @ and 0.

By Proposition (18), Corollary (iii.), all powers of & are congruent to &, mod m,
therefore

a, 3,62 = o, 8, (mod ).
Taking any cross-term such as «;8,§,&,, since

& =0 (mod pypy . . . ),
&E=0(mod pips...)
therefore ‘
£,& =0 (mod m).

Hence

ab=a B& .4 wBy + 2,Byés + . . . (wod m),


http://rsta.royalsocietypublishing.org/

.\
A

/

e

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

\

Py

a ¥

/,

2\

y
S

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

FOR ANY COMPOSITE MODULUS, REAL OR COMPLEX. 213

i.e., the multiplication of numbers expressed thus is simply effected by forming the
products of the coefficients of &, &, . .
Corollary (1.). If
a =& + éy + ... 4 (mod m),
then
@ =o' + a'éy + ... (mod m).
Corollary (ii.). If
a =o€ + aéy + . . . (mod m),

then a is congruent to the product of the numbers

‘ay=aé + &+ ... (mod m),
a, =& + a,é, + . . . (mod m),
&e.

Or, since &, + & + . . . =1 (mod m) (¢f. Prop. 10),

(a,=(a, — 1) & + 1 (mod m),
ay = (ay — 1) & + 1 (mod m),

FEzxamples.—To tind ¢, modulus 308, so that

o =, (mod 4)

= a, (mod 7)
= ay (mod 11)
11w =1 (mod 4) 4. 11, 2, =1 (mod 7) 4. 7. zy=1 (mod 11)
3. 3.x,=1 (mod 4) 2. 2, =1 (mod 7) 6. 2y =1 (mod 11)
=1 (mod 4) %, =4 (mod 7) 2 (mod 11)
fl =77 (mod 308) & =176 (mod 308) 53 = 56 (mod 308)
and so
| 4= 77y + 176 2, + 56 a5 (mod 308),
e.g.,
=3 (mod 4)
=6 (mod 7)
=1 (mod 11)
then

a=77.3 4 176. 6 4 56. 1 (mod 308)
= 111 (mod. 308),
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and
111 =(77. 3 4 176 + 56) (77 4+ 176. 6 4 56) (77 + 176 + 56)

=155. 265 (mod 308).

(21.) The number of numbers which belong to a given exponent when the modulus
is a power of a prime.

I. Let the prime be an odd prime, and g* the modulus.

In Proposition (12), Corollary, we saw that for mod p* primitive roots exist.

Let ¢ be a primitive root. v

The numbers g, ¢% ¢% . .. ¢**”(mod p*) are congruent to the complete set of
numbers less than p* and prime to it.

The exponent to which any one of these numbers, ¢, belongs is ¢, where

¢ (p")=xt |

and J’ and ¢ and o are co-prime (Prop. 4).
S = KO

For any given value of ¢ the value of k = ¢ (p*)/t is given.
o may then have any value prime to ¢ such that

s 3 ¢ (pY)s

ko P «t
o P L

Hence o may have each of the ¢ (¢) values of the numbers less than ¢ and prime
to it.
Therefore there are ¢ (¢) numbers having ¢ as their exponent (mod m).
I1. Let the modulus be 2~ (x 5 3).
In this case we have seen (Proposition 15) that there are 2° numbers with exponent 2
(if s > 1): and 3 numbers with exponent 2; and 1 number with exponent unity.
When the modulus is 2% there is one number with exponent 2 and one with unity.
When the modulus is 2 there is one number (unity) with exponent unity.
Definition.—When a number m is expressed in the form m = 2*P,"Py* . . . where
P,, Py, . . . are different odd primes, it will be convenient to speai of 2%, P/M, Py, ..
as the principal factors of m.
(22.) The number of numbers, each of which has, as exponent, some power of a
prime p, for modulus m, p being a divisor of ¢ (m).
Let
m = 2PMP,N, L.
¢ (Pr™) = 29phq™, .
b (PY) = 2,
&e.
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Any number has for its exponent, modulus m, the L.C.M. of its separate exponents
for moduli 2%, P\, Py, . .. the principal factors of m. (Proposition (9), Corollary.)

Hence, when the exponent, modulus m, is a power of a prime p, the exponent for
each of the principal factors of m as moduli, must each be either unity or some power
of p.

Conversely, if we take a set of numbers «;, o}, oy, ... one for each of the moduli
2«, P\, ... such that the exponent of each, for its own modulus, is unity or some
power of p, th:en the number a = o)§, + a,& 4 . . . (mod m), will have a power of p as
exponent, modulus 7n.

The numbers € are given by

& =1 (mod 2¥), & =1 (mod P),

&e.
=0 <mod gt> , =0 <mod 1%), ¢

Thus, by giving to the «’s all possible sets of values consistently with each having
unity or a power of p as exponent, we shall obtain all the numbers (mod m) which
have (unity or) a power of p as exponent.

There are

) (p") numbers which have exp p%, mod P, (Prop. 21.)
%' 4) (pll_l) ” $ ” ]011_1 5 '

| &e.

IL 1 3 ” 2 1 5

Hence there are ¢ (p") + ¢ (p*') 4. .. + 1 = p4 numbers, mod P, which have
unity or a power of p as exponent. ‘

Similarly, there are p®for mod Py*, and so on.

Hence, in

a=oy& + € 4 aé, + . .. (mod m),

we can give 1 value (viz., unity) to «, |
any one of p“ values to a,

2 2922 I (25} t>
&e., &e. J

and then @ has unity or a power of p as exponent, mod m ; moreover, in this way, all
such numbers are obtained.

We thus obtain p"*%*:- = p* incongruent numbers, each of which has a power of
p (or unity) for exponent.

In the case when p = 2
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for mod 2, all 2*~! numbers have powers of 2 as exponents,
» o Py (29) 4 ¢ (297) 4. .. 4 1 = 2% have powers of 2 as exponents,

» P2A2’ (]S (2K2> + d) (2‘(2“1) + ¢ + 1 = 2K2 ”9 3 L]
&ec. &e. &e.

Hence, in all, there are 2<-1*=¥=*--- numbers, which have unity or a power of 2 as
exponent.

N ote.— Any number a, mod m, with any exponent, must be congruent to a product
of one number from each set of 2<7'*=*%*--- numbers, with powers of 2 as expenent, p*
with powers of p as exponent, . . . &e. (Proposition 10.)

“Hence in all we get from these

ge-ttat .. ¥ numbers,

=¢(2) (P .. »

= ¢ (m) numbers, i.c., the complete set of numbers prime to m.

(23.) The number of numbers having ez&ponent p’, mod m, p* being a divisor of the
greatest exponent.
Let & be such a number and let

a=o,& + & + a,& + . .. (mod m),
then the exponent of

oy mod P

o, mod Py

| &e. J

oy mod 2 I
|
|
r
|

must each be unity or some power of p, and the greatest power of p must be p
(Proposition (9), Corollary); p being an odd prime «, is necessarily unity.
There are
¢ (p*) numbers, mod PM with exp p",

-1

4)(2971"1) 73 2 23 ’ p H
&e, &e.,
and therefore there are

p" numbers with exp a power of p 2 p",

-1

= l,~1
_79 59 3 3 99 < .pl :
&e., &e.
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Hence if

[, < s there are p" numbers, mod P™, with exp a power of p } p’}
and if

l, S s there are p’ numbers, mod P;™, with exp a power of p } p°

Suppose that (/;), stands for s if /; $ s and for [, if /; < s, then in either case
there are p™ numbers, mod P, whose exponents are powers of p } p°.

Similarly there are p® numbers mod P, whose exponents are powers of p » p°
and so for Py, &c. '

Giving any one of these p® values to «), p®" values to gy, &c., we obtain
phet @t = pE pumbers, mod m,

whose exponents are powers of p } p*; where in p®™ each number Jin /;, + 7,4 . ..
is to be replaced by s if it exceeds s.
Similarly, there are p*"- numbers, mod m, whose exponents are powers of p p p*~?
&c., &ec., p* numbers with exponents p or unity, and 1 number with exponent 1.
Hence the number of numbers whose exponent is p°, mod m, is

P — PP which when s = 1 is p®» — 1,

Corollary.—1If p* be the highest power of p which can be an exponent for mod m,
t.e., if p° is the highest power of p that divides the greatest exponent, ze., if s is the
greatest of the numbers /,, ,, . . . then

L4 (P — 1) 4 (p&% — p) L o (P& — pE) = P

is the number of numbers having as exponent (mod m) a power of p (or unity) as
exponent, ’ '

Now since s is equal to the greatest of the quantities ly, [, . . . (or rather is not
less than any) (20), = 37 and therefore p™ = p*: the result which was obtained in
the last proposition.

(234.) To find the number of numbers having exponent 2°, mod m.

(It will be convenient to write now x = &’ 4 2, so that m = 2+2P NPy | ),

If @ be any such number, and

a=oyé -+ & + . .. (mod m),

the exponents of

must each be unity or a power of 2, and the greatest power of 2 must be 2°.
MDOCOXCIIL—A. 2 F
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218 MR. G. T. BENNETT ON THE RESIDUES OF POWERS OF NUMBERS

First suppose that « 5 8, and so «' 3 1.
Then there are, mod 2¢+%,

2¢  numbers with exponent 2~
-1 P 1
2K b2 bh] 2 2K
’ L

2

2? ) ” 23 2

3 b3l bl 32 2

1 number ,, . L

Hence there are

2¢+1 numbers with exponent a power of 2 } 2¢

/ ~] '—]
ZK b2l b 2 39 ’k 2K
2
2 b 22 ¥ 32 j> 2
0
1 number ,» ’ ’ P2

If
o > « then there are 2¢*! numbers with exponent a power of 2 3 27, mod 2 *%,
and if

=/ o+ 1
o<k then 9 ) 2 ’ Iy ”9 33 99 5

(this holds unless o = 0, and then there is one number (unity) with exponent 1).
In either case, then, there are 2*% *! numbers with powers of 2 }> 27 as exponents,

where («'), is to be replaced by
o cif ¥ >0
K ., KZo

24~ numbers with exponent a power of 2 } 297!
2K1—2 i3] b » 1 2 } 2K1—2
&e.

Next for mod P, there are

Hence (using the same notation) there are 2%» numbers (mod P;*) having exponent
a power of 2 3 2°.

Thus «, may have each of 2*% values, a; each of 2*% values, &c., and the corre-
sponding value of @ has exponent a power of 2 (mod m), 3 2°.

Hence the number of these is 2@ *1 where in Sk = & + k; + k5 + . .. each
number « is to be replaced by o if it exceeds o
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Similarly the number of numbers whose exponent, mod m, is a power of 2 » 277! is

2(2/()0. -1+ 1

Hence the number of numbers with exponent 27 (mod m) is

2(2:&(7 +1 _ 2(2«),,_ 1+

This holds for o3 2. When o = 1 the number of numbers with exponent 2 is

2(2x)1+1 — 1.

Secondly suppose that «k = 2, and so « = 0.
Then, if o is > 1, &, may be either 1 or 3, two values.
Hence the number of numbers with exponent 2 is

2(2::)0 +1 2(2:()‘, ~1F 1’

which agrees with the above when «’ is omitted.
If o = 1, the number of numbers with exponent 1 or 2, mod 22, is 2.
Therefore the number of numbers with exponent 2, mod m, is

QENFT

which agrees with the above when «” is put = 0.
Thirdly, let k= 1. Then e, must be unity and the number of numbers with
exponent 27 ig 2% — 2(9)o-1 where Sk = «; + k, -+ .
Fourthly, when (x = 0) m is odd, then again the number required is 2(2’% — 2()g-1,
To collect the results :—

When
m = 2°**P NP, 7 there are 2% — 1 numbers with exp 2,
or
27P NP, 239t — 23Je-1"! numbers with exp 27
And when
m = 2PMP L L ‘L there are 2% — 1 numbers with exp 2,
or
o e f 2697 — 2(%s-1 numbers with exp 2°.

(238.) The last two propositions give us the number of numbers belonging to any
exponent ¢ = 2%’ . . .
For the coraplete set of these numbers is formed by taking all possible products of
a number with exponent 2, one with exponent p’, &ec.
Hence the number of numbers with exponent ¢ is the product of the number
of numbers that belong to each of its principal factors as exponent.
2 F 2
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220 MR. G. T. BENNETT ON THE RESIDUES OF POWERS OF NUMBERS

Framples—The number of numbers that belong to any exponent for mod
m = 2% 13. 17. 19.
The greatest exponent is the L.C.M. of

B(29 =2 1

¢ (13) =22 38 — 9t 32 — 910 28
o = 2% 3% ¢ (m) = 210, 33

¢ (17) =2 |

¢(19) = 2. 3 J

For the 2-power exponent numbers we have for the «’s

K =2 K, = 2 Ky =4 Ky == 1.
(Sk), =4
(Sk)y =7
(Sk); =8

Therefore

. ,, 23 there are 2° — 2% numbers
” ,, 22 there are 28 — 2% numbers | )
, ,» 2 thereare 25 — 1 numbers |

belonging to exp 2* there are 21 — 2° numbers 1

For the 8-power exponent numbers we may take I, = 1, [, =2,

(20), = 2,
(20); = 3.
Belonging to exp 8% there are 3% — 3? numbers
R ,» 3 there are 3% — 1 numbers |

The number of numbers belonging to any other exponent is at once got from these
by multiplying, e.g., the number of numbers with the greatest exponent 2% 8? ig
(210 — 29) (8% — 32).

(24.) We shall now establish a particular set of independent generators which
generate the ¢ (m} numbers (mod m) prime to m.

Any number @, mod m, is expressible in the form

a=a,é + & + o6 + . .. (mod m).
Let
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9, be a primitive root of P ™
9s 9 s Pz}\z
&C. &c', L
and let
g, have exp 2% mod 2*

Jfhbe=2*—1or 2*' — 1 mod 2"

</

(In the case when « = 2, f does not occur, when « = 1 or 0, neither f nor g,.)
Then

) = g, (mod P™) ]
oy = gy (mod Pg)

&e., rsay.
and
oy = gf’ (mod 29) |
Therefore
a=g"f'& + 9.6 + . . . (mod m)

=&+ 6+ . Ygb+ &+ )& +gné+ .. ). (mod m)

=[(f— )&+ 1V (9o —1) &+ 11 [(9 — 1) & + 1] . . (mod m),
where

j is referred to mod 2,

Ty s ,,  mod 272

T o ., mod ¢ (PM),
&e.,

and so the set of indices 7, %), 7, . . . correspond uniquely to the number ¢ : and the
numbers

(f_1)§0+1’ (90—1)50—'—1, (91—1)§1+1,---
are a set of independent generators, with exponents
2, 22, é(PM),. ..

which generate completely the ¢ (m) numbers, mod m, which are prime to m.
Example.—Take the modulus

m=112 = 2% 7. ¢ (m) = (2%) (2. 8) = 2% 3 = 48.
If
a = o, (mod 24,
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222 MR. G. T. BENNETT ON THE RESIDUES OF POWERS OF NUMBERS

and
a = o, (mod 7),
a = agéy + o, & (mod 112).
7xy =1 (mod 2% 2%, = 1 (mod 7)
x, = 7 (mod 2% 2501 =1 (mod 7)
& =49 (mod 112) 2, = 4 (mod 7)

& = 64 (mod 112),

0 =492, + 640, (mod 112).
We will take

f=r(=2—1
gy = 38 (having exp 2%),
and
g, = 3 (a primitive root of 7).
Then
(f —1)&+1=06.49+ 1 =295=71 (mod 112),
(go— D&+ 1 =2 494 1= 99 (mod 112),
() — 1) &+ 1 =2 644+ 1=129=17 (mod 112);
and ‘

71 with exp 27
99 with exp 4 % generate the 48 numbers prime to 112.
17 with exp 6 J

The following table gives the indices corresponding to any number :—

Numbers 1. 3. 5. 9.11.13.15.17.19. 23, 25. 27. 29. 31. 33. 37. 39. 41. 43. 45. 47. 51. 53. 55. 57. 59.
Ind.of17 0 1 5 2 4 3 0 1 5 2 4 3 0 1 5 2 4 3 0 1 56 2 4 3 01
Ind.of99 0 1 1 2 3 3 2 01 0 2 33 2 010 23 3211 023
Tnd.of70.0 0 1. 0011 0010 01101100 1101100

Numbers 61. 65. 67. 69. 71, 73, 75. 79. 81. 83. 85. 87. 89. 93. 95. 97. 99. 101. 103. 107. 109. 111

Ind.of17 5 2 4 83 0 1 5 2 4 3 0 1 5 2 4 3 0 1 5 2 4 3
Ind.of99 3 0 1 1 0 2 3 2 ¢ I 1 0 2 3 2 0 1 1 0 3 3 2
Indof7121 0 0 1. 1 0 0 1 0 0 1 1 0 1 1 0 O 1 1 0 1 1

We proceed now to the point we have been approaching from the beginning, viz,
the investigation of the mode of formation of and the relations among the most
general set of numbers capable of generating the ¢ (m) numbers (modulus ) which
are prime to the modulus m.
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(25.) Suppose Gy, Gy, Gg, . .. with exponents #,, #,, ... are capable of acting as
complete generators of the ¢ (m) numbers.

Then .
(i.) tityts . . . = ¢ (m)

(ii.) the generators must be independent.

and

Since the numbers G generate the complete set of ¢ (m) numbers they can
generate in particular the numbers which have a power of a prime p (which is a
factor of ¢ (m)) as exponent.

Suppose the highest powers of p which occur in #, ¢, . .. are p», p*, ... respec-
tively.
Say
t = pit,
ty = Py,
&e.

Then we can express the numbers G thus (Proposition 10) :—

G, = gyh (mod m),
Gy = gl (mod m),
&c.,

when ¢, has exponent p* and %, has exponent ¢',, &e.
Suppose now that

G"Gy*Gy* . . . is congruent to a number with a power of p as exponent,
and so .

(91i192i2 .. ') (]?’12.1]7/21‘2 o ) 2 99 39 29 95

g1, and therefore g%, has a power of p as exponent (Proposition 4), and so for ¢, &e.
Therefore
9."9,% . . . has a power of p as exponent.

The exponent of A, and therefore of 2,4, is prime to p, and so for Ay?, . . . &e.

Therefore the exponent of A%h, . .. which divides the L.C.M. of the exponents
of hh, hy, . . . is prime to p.

Therefore the exponent of (gy%gy". ..) (A" . ..) is the L.C.M. of a power of p
and of a number (the exponent of kg . . .) prime to p. Now the exponent is to be

a power of p. Hence the exponent of A;%h," . . . must be unity.

Therefore
: hyihg . . . =1 (mod m).
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2924 MR. G. T. BENNETT ON THE RESIDUES OF POWERS OF NUMBERS
Now we can show that this cannot be unless
hir=1, hy*=1, ... (mod m).

For if not suppose that at least ¢; % 0 (modulus ¢,).

Then
hihg® . . . = h"* (mod m),
. hohy's . .. = hy"»=% (mod m).
Let
I, =1, (mod ¢’)) and the same for I, &e.: and I, = — ¢, (mod ¢)
=0 (mod p*), = 0 (mod p*),
so that T, < ¢, so that I, < ¢;
I, —
g = 9" =1 (mod m)
and hglz — h;z } (mod 'n”b) hlll = hlzq— i (mo d ,m),
then
‘ GGy . . . =Gy (mod m),
where

I, = 0 (mod ¢)),

which is contrary to the supposition that the generators G are independent, and that
therefore no two numbers of the #,¢, . . . that they generate shall be congruent.
Therefore we must have
4, =0 (mod '),
1, =0 (mod ¢',),

&e.
and so
hi" =1 (mod m),
hy» =1 (mod m),
&e.
and so

G,"=g," (mod m),
&e.

We have shown, then, that when a product of powers of the generators G,
G"Gy* . . . is congruent to a number with a power of a prime p as exponent, then each
factor, G, G,?, . . . must have a power of p for its exponent.

Thus, of the factors of the product to which G is congruent, each factor hdving a
principal factor of £, as exponent (Proposition 10),only one factor ¢, (viz., that which has,
as exponent, a power of p) is effective in any power of G; which can be used to form a
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number with exponent a power of p, the product of the remaining factors A, being
necessarily raised to such a power ¢; that ;" =1 (mod m).

(It will be convenient to call the numbers which have a power of p as exponent, the
“ p-power-exponent, numbers ).

Suppose then that we take the generators G, and express each as a product in the
manner of Proposition 10. Then take from each the factor (if any) which has a
power of the prime p as exponent. Then, since the numbers G can generate all the
numbers, modulus m, which have a power of p as exponent, and, since in the number
G the factor ¢ is alone effective in so doing, it follows that the set of numbers g
generate completely the p-power-exponent numbers.

If we take from each generator G the factor which has a power of any other prime
q as exponent, we obtain a set of numbers ¢, which generate the ¢-power-exponent
numbers, and so on for each prime which divides ¢ (m).

We see now, that any set of complete independent generators, G, must be formed
from these special sets of generators; the formation of each G being effected by
taking one number (which may be unity) from each set and forming their product.

~In order to obtain the most general set of generators, G, we have now only
to obtain the most general method of producing each of these subsidiary sets of
generators. We may then combine them as products (one from each set) in any
manner we please. :

(26.) Suppose that I',, Ty, ... independent generators, generate completely the
p-power-exponent numbers.

The exponent of each number, T', must be some power of p.

Let them be p™, p™, . . . respectively.

One condition that the numbers, T, must satisfy is that the number of numbers
they generate, which belong to any power of p, p* as exponent, should agree with the
number already found. (Proposition 23.)

Consider any number generated

a=T,"Ty". .. (mod m).

Since Ty, Iy, . .. are independent generators, therefore the exponent of a is the
greatest of the separate exponents of I/, T2, . .. (Proposition 8. Corollary).
Now I'; has exponent p™, therefore of the numbers of the form I',%, there are

p™ with exponent a power of p » p™,

-1 N -1
p™ ” » ”» > pn,
&e.,

and similarly for each of the others, Ty, T's. . . .

Hence the number of numbers of the form a which have, as exponent, a power of
p P p’, is p* (using the notation of Proposition 23).

MDCCCXCIIT.—A., 2a
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226 MR. G. T. BENNETT ON THE RESIDUES OF POWERS OF NUMBERS

Hence the number of numbers, with exponent p* generated by the numbers T, is

(Zn)sy
)

(Smn)s
PpEF —p

and, therefore, we must have

Snds b7 T R 1) (3)s.
p(n) _p("")l_p( ) __zoz)l’

for all values of s from 1 up to the greatest of the values of the numbers I
Hence we get

(3n), = (30),,

(Zn)s = (31)s,
&e.

The first of these equations shows that the number of numbers / is the same as that
of the numbers n.

The second then shows that, of each set, the number of numbers which exceed 1 is
the same.

The third then shows that, of each set, the number of numbers which exceed 2 is
the same.

And so on. . 7

Hence the two sets of numbers /;, ly, . . . and n;, %y, . . . are tdentical (in some order)
term for term.

We have, therefore, shown that the most general set of p-power-exponent
generators must have as exponents the powers of p, p%, p” ..., which occur, one
each, as a principal factor of ¢ (PM), ¢ (Py*) . ..

When p = 2 we have the special case of the 2-power-exponent generators.

First suppose ¥ 3 1, then

2(2:()0. +1 9@ —1 +1 — 2(2%), — 2(211),- 1,

and so

(Sk) + 1= (Zn),
(Ex)g + 1 = (3n)y,
&e.

Hence the set of numbers # are identical with the set « together with unity : and so
the exponents of the 2-power-exponent generators are

2. 2¢. 21, 2%, .,
Secondly, snppose k = 2, then «" = 0, and the exponents of the generators are

2.2, 20, L.
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Lastly, when k = 0 or 1, we have

OCK)g e Yy 1 — 9B 2(2"%—1’
and therefore
(Bx), = (Zn)y,
(3)y = (Zn)y,
&e.,

and so the numbers 7 are identical with the numbers «.
Hence the exponents of the 2-power-exponent generators are

on Qa9

We can now see the least possible number of numbers & that can generate the
complete set of ¢ (m) numbers.

Since each number G contains not more than one generator from each of the
subsidiary sets of generators as a factor, it follows that there cannot be less
generators G than the number of generators in that subsidiary set which contains
most.

Now, since ¢ (PM) =P '(P; — 1), and P, is odd, therefore P, — 1 is even.
Hence «;, =1 at least. Therefore of the generators of the 2-power-exponent
numbers there are at least as many as there are odd principal factors PN, Py, ...,
in m: and so the number of 2-power-exponent generators is never less than the
number of generators in any other subsidiary set.

Therefore when

m=PM, ...
or
Q.PlAl’ L
the least number of generators G is the number of primes P,, when
m == QQ.PL’“, Ce
the least number of generators G is the number of primes P, 4+ 1, and when
m == 2V P ML

the least number of generutors G is the number of primes P, 4 2.

(27.) We shall next form a set of p-power-exponent generators of a particular
kind, similar to the complete generators of Proposition (24).

Let @ be any p-power-exponent number '

a =o€y + & 4 aéy + . . . (mod m).
2 a2
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Then we must have
oy =1 (mod 2")

a, with exp a power of p (or unity) mod P

o, , s P ( ) mod Py
&e.
Let
v, be a number with exp p4 mod PM
Ya » » Pk mod Py,
&e.,

(if in any case p ig not a factor of ¢ (P*)y is =1).
Then we may put
oy =y, (mod P)
= 7, (mod Py¥),

&e.,
and therefore

a =&+ v & + yhé + ... (mod m)
a=(E4E+. ) EFREF ) (EF EF S+ )L (mod m)

= g,gy* . . . (mod m).

The first factor and each of the following in which the y is = 1 is =1 (mod m).

The number of factors remaining is the number of the principal factors P* which
have a power of p as a factor of ¢ (P*).

These factors generate the p-power-exponent numbers : corresponding to each set
of indices ¢ is one of the numbers ¢ and vice versd.

These generators are only a very special kind of p-power-exponent generators
inasmuch as each is congruent to unity for each but one of the principal factors of m
as modulus. They will be called unitary generators and will be useful for the
discussion of the more general type.

In the case when p = 2, let

JFhe=2¢—1or 21 — 1 (mod 2)
¥, have exp 2¢=? (mod 2%)

(if k = 2, f does not oceur ; if « = 0 or 1, neither g nor f),

y, have exp 2% (mod P™)
Ya " 2 (mod Py"),
&e.,
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and thus
“E(ffo"l" 51 + .. ')j ('}’ofa + &4+ .. -)i')(fo -+ '}/lfl -+ .. .)il. . (mod m),

and all the factors in this product (omitting those whose y is = 1) form a complete
set of 2-power-exponent generators.

Thus, in either case, when p is an odd prime or is equal to 2 we can form a set of
p-power-exponent. generators (having the exponents found to be necessary in
Proposition 26), such that each is congruent to unity for all but one of the principal
factors of m.

Lxample.—Let

m =808 = 2% 7. 11.

¢ (m) == (2). (2. 3) (2. 5).

The highest exponent is 30.
There are
7 numbers with exp 2

and } (Example Proposition 26.)
]' 33 2 1

We will form unitary generators of these eight numbers. Since 2 enters only in
the square into m, fis not needed.
We must take
Yo = 38 (with exp 2 mod 2?),
vy = 6 (with exp 2 mod 7),
v, = 10 (with exp 2 mod 11).

& =177, & =176, & = 56.
Thus
go=(3—1) 77+ 1 =155 (mod 308) 1
g, =( 6—1)176 4 1 = 881 = 265 (mod 308)

gy= (10 —1) 56 + 1= 505=197 (mod 308)

are a (in this case the) set of 2-power-exponent unitary generators.
The numbers with exponent 2 are given as products of powers of these by the
following table of indices.

Numbers, 197. 265. 155, 111. 43. 153. 307.

5
Indexof 155 . . . 0 0 1 1 0
Indexof 265 . . . 0 1 0 1 0 1
Index of 197 . . . 1 0 0 1 1 1


http://rsta.royalsocietypublishing.org/

A
A

A
A

/\
-
A

'\

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

1\

[ Y

/J
A

\

a

/N

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

230 MR. G. T. BENNETT ON THE RESIDUES OF POWERS OF NUMBERS

(28.) In what follows we shall need the following lemma.

Consider
ax4+by+ez+ ... =k (mod p*)
agt + byy + ez + . .. = ky (mod p*)

g =+ bgy + ez + .. . = &y (mod p°)

as many congruences as unknown quantities.

What is necessary in order that the congruences may have one solution, for any
assigned set of values of the k’s, and one only 2

Multiply the equations in order by the minors of the elements of the 1st column of
the determinant

a b ¢
ay by ¢y
2 and add.
ay by ¢
|
We get
ay 0 G l ky by ¢
o C. k, b, ¢
w | 7R = | ® 7 (mod p*).

i a by ¢
l C{g bg 02
as by ¢

must be prime to p*, and, therefore, prime to p.

This being so, then to each set of values of the &’s corresponds a single set of values
of w, y, 2. ...

(29.) We have now to find the most general type of a set of p-power-exponent
generators. (The work is in no respect different in the case when p = 2.)

Let the exponents necessary for a set of generators be p%, p, . .. ph as determined
by Proposition (26).
Let
g, with exp. ph ]l
gﬂ 2 2 Plz ; . . - o .
s I} be a set of unitary generators. (Proposition 27.)
: o
Gu »  » P
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Suppose that '), Iy, . . . T, are the most general set of p-power-exponent generators.
We know already (Proposition 27) that their exponents are ph, p%, . .. and we may
suppose them to be so in this order.

Since each number T is itself a p-power-exponent number, each is expressible as a
product of powers of the ¢’s.

Let

Ty =g,g,7g5% . . . g, (mod m)
Ty =gyggegs™ . . . g, (mod m) }

! o . |
T =gy gy gy . . . g, (mod m) |

(Note.—-1,, 5 is the index of g, in the value of T,.)
Since the exponent of I' is p", it follows that p” is the least multiplier that makes

inp" =0 (mod p¥),
15, p" =0 (mod p?),
&c.,
(Proposition 8, Corollary), and similarly for p*, &e.
We may insert here a lemma, which will be useful presently.
Lemma.—If I, > 1, then 1, is divisible by p.

t 18 the index of g, in the product T,
IL=...g¢%...(mod m)

Hence (Proposition 8, Corollary) the exponent of T\ is 4. exponent of g,
Suppose, if possible, that ¢, can be prime to p.
Then the exponent of ¢, is p” (Proposition 4).
Now the exponent of T is p?,
therefore
Pt

lé‘ #: lr:

therefore

which is contrary to the supposition /, < /,, and therefore %,, cannot be prime to p.
Hence, if I, > I, then i, is divisible by p.

Take any one whatever of the p-power-exponent numbers, g,g,% . . . ¢!+ (modulus m).
Then, since the numbers T' are also generators of these numbers (the p-power-

exponent numbers), the numbers g,"g," . . . ¢, (modulus m) must be expressible in
the form I')Ty® . . . T\,* (modulus m) in one way, and one way only.
Therefore

9" . .. g =TTy . .. T, (mod m)
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must lead to
one value of , (mod p"),
. s 2y (mod ph),
&e.

Substituting the values of the I's in terms of the ¢,

(917gg -« - gV (e L gy (g g = gt L gt (mod m),

gli11x1+ pmy kv iy By 921'21 @t gyt Ay . gﬂimml Aty b Ay = 9’1I‘!7212 . g‘uIH (I'IlOd WZ/).
Therefore (Proposition 7) it follows that

i@y + gy oL F e, =1 (mod p"),
'021901 + iy 4. . F iz, =1, (mod pt),

T:lel + ?:fﬂxl . + ?’lm M —_ l’- (mOdpl” )9
and we need that these shall have one set of values of w; (modulus p?), @, (modulus

p*), &e., . . . and only one.

This being so the numbers I' will generate completely the p-power-exponent
numbers.

We may suppose that the moduli p#, p” . . . are in ascending order of magnitude,
so that [, 27, ..

Suppose that

h=ly=l=...=l<ly=lw=...=h<ly=l,=...=l<&e...=1

"

Any one of the unknowns «, is to be found with regard to mod p*.
We can write , in the form

ws = gs + é‘:sa ]OZ" + fsb_plb + Ssczglc + L (mOd pZ'>)
where
Eg < pl{z
< PIE

Esb < plc~ll,
&e.

- This substitution gives in particular,

2, =& (mod p*).
x, =&, (mod p").

.

Ty = :Ea (mod p™).
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xa“ = fa+1 + ‘fa+1.aph (mOd _plb)'
wa+2 = fa+2 + §a+2.a_ph (mOd ph)'

@ = EH— &0 P (mod p”).

X1 = &1 + éb+1.a_pl" + s Ph (mOdJOl‘)-
Lyro = Epya + fb+2.a]0l" -+ §b+2.blolb (mOde)°

@, =& 4 E.p" + £, p" (mod p).
&e. - &e.

First replace each modulus which exceeds p* by p*, and substitute the assumed
values of the «’s.
We get the u congruences

mé F s+ =1 (mod p*),
1€+ 19y + . o+ 1.6 =1, (mod p),

?/‘Mlgl + 7/.“2&2 + “ .. + ,’;I"'valﬁ E ][i" (mod pl«)’

and we need that these shall determine a single set of values for &, &, ... &,
(mod p*).
The necessary and sufficient condition is that the determinant

(‘illi 7:22’ 7’.33> s @;m)

should be prime to p (Proposition 28).

Suppose that this is so, and that the numbers &, &, . . . £, are determined. -

When these values are substituted above, suppose that the values of the left-hand
sides are I, — p*T'}, I, — p*T',, &e. ... (where the negative signs are written for
convenience in what follows, and I';, T',, . . . are therefore negative).

Next replace each modulus which exceeds p” by p, and substitute the assumed
values of the «’s.

The first ¢ congruences are already satisfied.

The rest give

Ia+1 - _’Pl" Iia+1 + Z)l“ (7’.a+1.a+l §a+l.a + ia+1.a+2 fa+2.a + e + ?:a-rl.u gyu EIa+1 (mOd]Olb)-
Ia+2 - ,plﬂ Ila+2 + _pl“ (?/.a+2.a+1 a+l.a + ?:a+2.a+2 a+2.a + LR + ,L.(l+2.p. fp.a) = Ia+2 (mOd ph)-

IM - 29[" I,,u. + ]Ol“ (Z‘/u..cc—i-l a+1l.a "l" ?:u.a,-!-z a+2.0 + e ?:w/. ff&@) = I,u. (mOd ph)'
MDCCCXCIIT,—A., 2\
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234 MR. G. T. BENNETT ON THE RESIDUES OF POWERS OF NUMBERS
Therefore.

icH-l.a-H a+la + 7:a+l.a+2 a+2.a + v v + Il:a+1.p. épaE I/a—}-l (HIOd Plb~l")

Yyt2.0+1 a+la + ":a+2.w+2 2.0 + LB + ?’.a;i-z.p, g,u,uE Ila+‘2 (mOd plb—la)

Zu.a+l a4l + 'iu.a+2' at+2.a + LI Z.M/.L g,w, EI,M (and Ph—l"),

and we need that these shall determine a single set of values of

fa—kl.a) §c¢+2.m L gmf, (mOd pll’“h)'
The necessary and sufficient condition is that the determinant

should be prime to p.

Suppose that this is so, and the numbers &,,1 4 Euron - - - £ are determined : and
suppose that when substituted above the values of the left-hand sides become
I,a—i-l - plb_lﬂI”a+17 &e. '

Next replace each modulus that exceeds p* by p*, and substitute again the values
of .

The first b congruences are now satisfied.
The rest give

(Tyr — I’b+120l“) +(]~,b+1 e Plb—l")ﬁl" +}°Zb (7:1)+1 pr1 Errs o U, o p.b) =L (mOd Ph)
(Ib+2 - T s )+ (I prz—L 'b+2]0h~l )Pl“‘l‘]o (@b+f> st Sy %+2M f,;b) | B (mOd pl‘)

(L — I,Lp ) + (I uplb—Z“) ‘ +]0 (Ui §b+1b + .., ) =1, (mod p*).

Therefore
Uatos Eors T+ Tprrsse Epon + -+ @.z;+1‘,¢ f,w =1". (mOd Zolc—lb\)

>

7;,L.b+1 Erir F oGz ot I =I" (mOd p’ l")
and we need that these shall determine a single set of values of

fb+l.1;9 fz,.m,b, e e f“b (mod plwz,,)‘

The necessary and sufficient condition for this is that the determinant

L] 3 4
(@b+1.b+1; Vppo, by o o o @,m)

should be prirhe to p.
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These successive steps are to be continued until all the quantities £ are determined.
They, and therefore the numbers « will be determined uniquely, provided that the
conditions that

<i11 o ifw) W,
(, e _W) shall all be prime to p, are satisfied.
(Zb—H, D1y v e s "w)

&e., _JI

When these conditions are satisfied the generators I' generate the complete set of
p-power-exponent numbers.

(30.) We have not yet seen whether the conditions just found are independent or
not. We shall find that the first condition (7, %y, . . . %,,) includes all the others; it
may, however, be replaced by others of a similar kind, but practically simpler.

Let us write down the complete determinant and divide it into squares and rect-
angles thus :—

n %12 R P o Yia+1 A1)
2] 2 R | Y2
&e.

Q’cf,—l.l 7’a—1.2 L 7 B | Za-—-l.a
a1 (2 oo Yy g1 [ Vaog+1 Tap
7’(4+1.1 L] : 7’a+1.n, 1’(l,+1. a+1 ?’a+1.b
(251 <. Yy Yot 22}

&e.

For reference, we may name these squares and rectangles, thus :—

(acr) (ab) ()

(ba) (bD) (be) &e.

(car) (¢b) (cc)

&ec.
2 H 2
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The lemma proved in the course of the last proposition (that if 7, >, then 4, is
divisible by p), shows that every element ¢, which is found to the left and below the
determinants (aa), (bb), (ce) . . . is divisible by p, 7.c., every element in

(bar)

(cor) (¢b)

(da) | ~(db) (dc)

is divisible by p. &e.,

The complete determinant (z,;, . . . ¢,,) can be expressed as the sum of products of
pairs of complementary determinants, one of these in each such product being the
determinant formed by any o rows taken from (aa), (ba), (ca) . . .

Now, any row taken from (ba), (ca), . . . has every element divisible by p. Hence,
the only determinant formed by & rows taken from (ae), (ba), (¢ca), . . . which is not
immediately divisible by p, is the determinant (aa) = ¢y, . . . %)

Hence

(7:117 e 1'./-‘[»'-) = (7;117 e Z‘aw) (iaw‘ Lo+l iim) (mOd ]9)

Therefore, if (¢} . . . ©,,) is prime to p, then (45, . .. %) and (lus 141, -+ - 7,,) are
both prime to p (and vice versd).
Again, take the determinant (4, .1 41 - + - %),
) | o)
| ]
(cb) (cc) &e.
&ec.

This can be expressed as a sum of products of determinants in the same way : one
determinant in each product being formed by (b — @) rows taken from (bb), (cD) . . .
Of these, only (b)) is not immediately divisible by p.
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Therefore

(?:a+l.cc+l} s ?:Wu) E(i’cu— Lao+1y » ¢ ibb) (ib Bl O/ R ?:;w.) (mOd _p)a

and, since
(ta4 1041 + + » 4, 18 prime to p,
therefore
(Pastasrs o+ ) A (Gy1p41s « - + %) are both prime to p,
and so on.

Hence, as stated above, the single condition (¢, . . . 4,,) prime to p, includes all the
other conditions found necessary in Proposition (29), and is therefore a necessary and
sufficient condition that the numbers I' (having the proper set of exponents) may com-
pletely generate the p-power-exponent numbers.

Also, this single condition may be replaced (with much advantage practically) by
the equivalent set of conditions—

(Tr1s + -+ Tag) WI

(ia+19 ol « o v ?:bb) |

>all prime to p.

(Zb-l—l, Top1s o o 0 g I

&e. j

(81.) We have now a complete series of methods for ascertaining whether a given
set of numbers G can act as generators of the complete system of ¢ (m) numbers
(modulus m).

(1.) Find the exponent to which each belongs. (Proposition 17.)
(2.) The principal factors of these exponents must be the numbers found in
Proposition (26).
(3.) Express each number G as a product of numbers with principal factors
of exponent of G as exponents. (Proposition 10.)
(4.) Express each of these last as a product of powers of unitary genera,tors,
and thus get for each a set of indices.
(5.) Apply the series of conditions of Proposition (30).
If (2) and (5) are both satisfied then the numbers G are complete generators.
Conversely to form any set of generators—
(1.) For each prime p in ¢ (m) form a set of unitary generators.
(2.) Form from these any set of p-power-exponent generators satisfying the
conditions of Proposition 30.
(3.) Multiply together one generator from each of the sets just formed.
FExamples.
Let us form a set of generators for mod 308 = 2% 7. 11,

m = 2% 7. 11.
¢ (7) =238
¢ (11) = 2. 5.
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The principal factors of the exponents of the generators are
2. 2. 2. 3.5,

We form first the numbers with exponent 2 to generate the 2-exponent numbers.
These numbers expressed in terms of the unitary generators, 155, 265, 197, are
given by

No. Ind. of 155. Ind. of 265. Ind. of 197.
197. 0. 0. 1.
265. 0. 1. 0
155. 1. 0. 0
111. 1. 1. 0
43. 1. 0. 1
153. 0. 1. 1
307. 1. 1. 1

Of these (by Proposition 30) we can take any three such that the determinant
formed by their indices is prime to 2, i.e., odd.
For example,

1
0
1

|—-L‘ —_ S
ot
Il
!
ul_‘

and so 438, 158, 307 may be taken as generators.
Secondly we need a number with exponent 3.
Of these there are two, 177 and 221. Let us take 177.
Lastly we need a number with exponent 5.
Of these there ave four, 118, 141, 169, 225. Let us take 113.
We have now 43, 153, 307, independent generators with exponent 2,

177 with exp 3,
s ., ., 5

These we may combine in any manner we please as preducts, taking only one from
each set in each product.

Let us take 43. 177. 1183 =107 (mod 308) with exponent 30.

We have thus obtained three generators

107 with exp 301
153 ,, ,, 2
307 2] 93 2,[

which generate the complete set of ¢ (308) numbers.
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Conversely, we can verify that 107. 158. 307 are complete generators.

First we find that '
107 has exp 30

153 2 2 2
307 ., . 2

and so the exponents have the necessary principal factors.

107 = 10775, 1071°. 107 (mod 308),
=43. 177. 113 (mod 308),

where
43 has exp 2
177 9 ) 3
18 ,, ., 5,

We only need to show that 43, 153, 807 are independent ; and since the indices of
these when referred to the unitary generators are

43, 1 0 1
153, 0 1 1
307, 1 1

and the determinant is prime to 2, we see that the generators 48. 153. 307 are
independent. '
Let us form generators for modulus 999 = 33. 37.

m = 8% 37,
¢ (m) = (32 2) (3% 22).

The principal factors of the exponents of the generators are

2. 2% 8% 3%
If
a = oy (mod 3°),
= a, (mod 37),
o= é + o€, (mod 3% 37).

37x;, =1 (mod 8%)
271, =1 (mod 37)
102; = 1 (mod 27)
&, = 11 (mod 87)
x, = 19 (mod 3%)
& = 297 (mod 999)
£ =37. 19 =703 (mod 999)

and, therefore,
a = 7080, + 297a, (mod 999).
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240 MR. G. T. BENNETT ON THE RESIDUES OF POWERS OF NUMBERS

We want first any number with exponent 2.
Suppose we take a; = 26 and a, = 86 each with exponent 2 (for moduli 8 and 37
respectively).
Then we get
=703, 26 4 297. 36 (mod 999)

= 998 (mod 999) with exp 2.

We want next a number with exponent 4.
Suppose we take

o =1
and
ay == 6 (with exp 4, mod 37).
Then we get
@ =703 + 297. 6 (mod 999)
= 487 (mod 999) with exp 4.

Lastly, we want two independent generators with exponent 8%
We first form unitary generators with exponents 3?

a, =4 a,=1 gives 112 with exp 3%,
and

ay =1 o= 12 gives 271 with exp 3%

We may take for our 8-power-exponent generators any two numbers of the form
1124 271%, 1127 2717, provided that

Suppose we take it

DN -

and then the generators are
112. 271 = 382 (mod 999)

and
1122 271 = 826 (mod 999).

Thus we have

998 with exp 2,
487 with exp 4,
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and
382 and 826 with exp 32
Hence we may form, say,

998. 826 =173 (mod 999) with exp 2, 3%
and

487. 382 =220 (mod 999) with exp 2% 8%
Thus

173 with exp 18
220 with exp 36

generate completely the 23, 3* numbers prime to 999.

InpIoEs AxD TaBLEs or INDICES.

(82.) Let G| G, ... G, be a complete set of independent generators for modulus m.
Let their exponents be ¢,, t,, . . . ..
Then any number ¢ prime to m is expressible in the form

a=G G ... G (mod m),
where
l Z.l < t].’ i2 < tz, &C.

We may thus make a table giving the set of indices ¢y, %, . . . %, which correspond
to any number ¢, and conversely the number « which corresponds to any set of
indices.

We may conveniently write
A= (T, by v o v G),
and then if
@ =, v 7

ad = (4 + 0y, Gy gy« G 1)

we shall have

and
8 = (9,8, 998, + o+ LS).

With tables of this kind for every modulus we can at once solve any congruence of

the form
ax* = b (mod m)

whatever m may be, if @ and b are both prime to m. For suppose that
a=(l...)
b=("17,...)

.’B:__‘(Il, 12, « 2 )
MDCCCXCIIT.—A, 21
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Then we must have
1, + al, =7, (mod ¢))
4, + nl, =7, (mod ),
&e.

The G.C.M. of » and ¢, must divide ¢, — 7,, &ec., in order that the congruences may
be soluble.

These being so we find I}, I,,. .. by reference to tables with moduli ¢, ¢,, . . . which
are (or may be) composite numbers.

If
vy is the G.C.M. of n and ¢;, I, will have », values mod ¢,
Vy 29 ” (G and t;z» Ig 99 Vy 3 tza
&e.

- Hence, by reference again to the table for modulus m, we obtain at once the
v, ¥y, v5 . . . numbers which satisfy the congruence ax* = b (mod m).

Let us now solve the same congruence with the help only of tables of indices for
powers of primes as moduli.

If

o, 18 a solution of the congruence ax” = b (mod 2°),
& y ” 5 ax’ = b (mod P M),
. &e.,
then , .
=yl + a b+ aé, ... (mod m)

is a solution of the congruence :
ax* = b (mod m).

Hence the solution is conducted as follows :—
By means of the tables of indices find

all the values o which satisfy az” = b (mod 2°),
29 b3 a‘L bR b2 (InOd Pl)\l)a

&e.

Next find the values of the &’s, Proposition (19), each being found by the tables.

Lastly the values of = which satisfy ax” = b (mod m) must each be calculated sepa-
rately by giving to each of &y, «;, . . . one of its possible values.

In the case of a multiple solution the labour involved in this last step may be very


http://rsta.royalsocietypublishing.org/

|
P

A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

)
A

a
\

/
S

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

FOR ANY COMPOSITE MODULUS, REAL OR COMPLEX. 243

great ; and consequently the saving of labour effected by the use of tables of indices
for composite moduli proportionately so.

As an example of the use of tables of 111dlces for composite moduli let us use the
table given in the example to Proposition (24).

Solve )
92° = 53 (mod 112).
53 = (4. 1. 1.)

(written in this order the indices are referred to moduli 6. 4. 2),

9 =(2.2.0),
and, therefore,
= (2. 8. 1).
If, then, )
x = (a. b. 0)

@b = (5a. 5b. 5¢),
and, therefore,
50 = 2 (mod 6), and, therefore, « = 4,
50 = 8 (mod 4), and, therefore, b = 3,
5¢ = 1 (mod 2), and, therefore, ¢ = 1,

therefore
x = (4. 3. 1),
® =109 (mod 112).
Solve ‘
472* = 55 (mod 112).
55 = (3. 0. 1),
47 = (5. 2. 1),
therefore
x® = (4. 2. 0),
therefore, if
x = (o ). ¢)
20 =4 (mod 6),  2b=2 (mod 4), 2¢c=0 (mod 2),
a = 2 (mod 3), b =1 (mod 2), c=0orl
“a=2orb. b=1or3.

Hence there are eight solutions_

(2 1 0= 51 (5 0) =19
2 1 1)= 37 G 1 1)= 5
(2 8 0)=107 (5 3 0)=75
(2 3 1)= 93 (5 3 1)=6l.

21 %
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(33.) The last proposition shows how, by means of tables of indices for composite
moduli, to solve (when possible) the congruence

ax" =b (mod m),

where m is any composite modulus and ¢ and b are both prime to m.

To complete the question of the solution of the congruence for all cases we have
now to show how it is solved when & and b are not both prime to m.

1. First, if o is not prime to m, the congruence can be at once reduced to the case
in which it is so ; for if @ and m have G.C.M. «, then « must divide b, and we have

a _ b m @ . . n
- ) a*=- (mod — ), where now — is prime to —-
3 K K, K K

Any one solution @ of this gives x solutions of the original congruence ax"=10

(mod m), viz.,
mn 2m —_—
e

w,w-l—;,m-l—lc .w«}-x—l;-

II. We have now, therefore, only to deal with the congruence of the form
axz’ =b (mod m), in which « is prime to m and b is not prime to m. Let x be the
G.C.M. of b and m, and express « as the product of its principal factors k = pp™ . . .

Since « divides b and m, it divides ax”.

Now a is prime to m, and therefore to «; therefore « divides a, w.e., pp™ .. .

divides #*. Therefore x is divisible by p*p" ... where

np ST,
7= 7
np ST,

&e.

Take p to be equal to »/n if 7/n is an integer. 1f #/n is not an integer take p equal
to the integer next greater. '

Put
x=Epp® ...,
then the congruence
b m .
c;:x<m0dx> Y ¢
gives
’ ; b m .
a(pre=rpre L) Er =- (mod :—g/\ e e ()

If np — 7 == 0 (i.e., if »/n is not an integer), then the coefficient of ¢*in this con-
gruence is divisible by a power of p, and therefore, if the congruence is possible, m/k
is not (for then b/« would be also, whereas m/k and b/« are co-prime).
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Thus

preTrp™ T L L is prime to m/x,

and, therefore, since @ and b/k are also prime to m/k, the congruence (ii.) is soluble (if
possible) by means of the tables giving the indices of numbers prime to the modulus.

Each solution & of the congruence (ii.) gives a single solution x=§&p™ ...
(mod m) of the congruence ax* = b (mod 1m).

Lxample.—Solve

22a% = 54 (mod 672).
The congruence is :
2. 11 =2 8 (mod 2%.8.7) . . . . . . . . (i)
Dividing by 2 we have
1. =8 mod 24 3.7) . . . . . . . . . (i)

and any solution x of this gives the two solutions «, & 4 336 of the congruence (i.).
From (ii.) we get, dividing by 3,

117 =9 (mod 2 7).

In congruence (ii.) let & = 3§
Then
11. 3% £5=9 (mod 2% 7)
11. 3% & =1 (mod 2% 7).
Now (see table, p. 222)

11 = (4. 8. 0),
9=(2. 2. 0),

therefore
9. 11 =(0. 1. 0),

therefare
£=(0. 3. 0),

therefore
£=1(0. 3. 0)

£ =43 (mod 2% 7).
Hence (ii.) has the solution
x =129 (mod 336),

and therefore the solutions of (i.) are

x =129, 465 (mod 672).
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PART IL—ON THE RESIDUES OF POWERS OF NUMBERS FOR ANY MODULUS,
COMPOSITE AND COMPLEX.

In order to maintain as far as possible the parallelism of Parts I. and II. a number
of facts and relations peculiar to complex numbers are noted (most without proof) in
the following Preface to Part IL.

PrEFaceE To Part I,

Complex primes.—i.e., numbers either real or complex which have no real or complex
factors.
These are of two kinds

(i.) Real primes of the form 4% + 3; e.g. 3,7, 11, 19, . ..

(ii.) The factors of real primes of the form 4% 4+ 1, which are expressible as the
sum of two squares, e.9., 1 4+ 24,2 414,34 24,24 3¢. .. Among the last
we include the factors of the real prime 2, viz., 1 - <.

These two kinds of prime we shall call respectively pure and mixed, speaking of either
as a complex prime. By a real prime we shall mean the primes ordinarily so called,
real numbers which have no real factors.

To express any number as o product of its prime factors.

Let @ 4 0 be the number, Let d be the G.C.M. of @ and b, and suppose that
a4+ bi=d(e+ ()
d is a real number and can be expressed as a product of real primes.
Of these, those that are not complex primes can be separated each into its two
factors.
All the factors of «® 4 B are themselves expressible as the sum of two squares.
Say
w4 B = (o) + B) (&’ + BF) . ..
Then the prime factors of & 4 B¢ are
o & 1B,
ay + 18, .
where, in each pair, the sign must be so chosen that
a+ Br= (2 £ 1) (2 iB) . ..

Lxample.
60 4+ 1050 = 15 (4 + 71)

15=85=3(2417)(2—1)
4 4 TP = 65 = 5. 13 = (20 + 12) (3% + 2?)
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and
44+71=(241) (3 4+ 2)
therefore / ,
60 -k 1057 = 3 (2 — ©) (2 + )° (3 + 20).

The number of incongruent residues for any modulus m.

The number of incongruent residues (including zero) is the norm of the modulus.
Thus if m =« + Bi, the number of incongruent residues modulus m is a®4 8% When
the modulus is a pure number, m = p, then the number of incongruent residues is p?

Set of numbers all incongruent for modulus m.

Let m = d (¢ + B¢) where « and 3 are co-prime.

Then the N (m) = d? («* 4+ B?) numbers x + ¢y, where & has any one of the values
0,1,2,...d (24 B — 1, and y any one of the values 0, 1, 2, 3,...d — 1, are
a complete set of N (m) incongruent residues for mod .

We have two special cases :—

(i.) If m = a 4 B¢, the residues are 0, 1, 2, ... " + B° — 1.

(ii.) If m=d, theresidues are the numbers z 4 4y, where = and y have each any one
of the values 0,1, 2,...d — 1.

For most purposes the above set of residues are most convenient. It is sometimes,
however, a saving of arithmetical labour (in examples) to make use of the “absolutely
least residues,” t.e., the set of residues whose norms are not greater than half the norm
of the modulus. We may also make use of ‘“least positive residues,” 7.c., the set of
numbers whose norms are as small as possible consistently with each number having
both its parts positive.

In what follows we shall always use the above set of residues and we shall need an
expeditious method for finding to which of them any given number is congruent.

To reduce a number to its residue.

Let X + Y be the number whose residue we wish to find for mod d (« + B¢), where
a and B are co-prime.
We have to find  and » so that

X +iY =2 + iy (mod d « + ),
where

x < d(a? 2))
o (o + B?) j and both are positive numbers.
y<d _— -

Let
X A4 iY = (x4 iy) + (€4 in) (« + Bi) d.
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248  MR. G. T. RENNETT ON THE RESIDUES OF POWERS OF NUMBERS
Then

X =2 + d (af — Bn)

Y =y+d B+ an)

The second equation gives ¥ =Y (mod d), which determines .
Then

B 4 am =15,

a and B are co-prime, and therefore we can find «’ and B so that '8 — a8’ =1,
and then

f:a'¥—§-—y~+)\a

v where X is some integer.

n=—Bf 7" —)\B
Therefore,
Y—y ’ % ’
X=at d[ Y77 (w4 BE) + ) (2 + )]
=z + (Y — 9) (e’ + BB) + N . d (e + B),

and therefore

2 =X = (Y —y) (a/ + BB) (mod d. * + ),

which determines a.
So z and y are given by

y=Y (mod d)
2=X — (Y — ) (s + BB) (mod d. o2 + )
where ao’ 4 BB’ is a constant depending on the modulus.

Example.
Mod 3 (3 + 2¢)

d= 8. o =3 B =
a=—=1 B=-=1

} o’ 4 BB = — 5.

The reducing formulee are

y=7Y (mod 3)
=X+ 5(Y — y) (mod 39).

Thus to find the residues of the successive powers of 1 + 7 :—
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14 7

2

— 24 2 =37 4%
35 4 89 = 35

35 4+3500= 54+ %

84+ 7i=383+4+ 1
32 4+ 840 = 24 ¢
L4+ 8i=16
16 4+ 166 =13 + ¢
12 + 47=33+ 2
31+ 35= 142
— 14+ 3i=14

144+ 14i=35+2  (mod 9 + 61)
33 4- 87/ =18 4+
17419 =294 4
28 4 30i = 22

29 + 22 = 10 + 4
94 117=154+ %
18 o 174 = 10 + 2i
8 4 124 = 29

29 429/ = 8 4 2
64 10i=12 4+ 4
114180 =324+ 4
31 4 33i = 1

Il

In the two special cases
(i) m=a-+4 B
: X+1Y =2 (mod 4 Bi) and «
is determined by ’
z=X—=7Y (e’ + BB) (mod a® 4+ B°).
(L) m=d
X+¢Y=a+1w (modd) and « and y
are given by ‘
x = X (mod d),
y =Y (mod d).
MDCCCXCIIL—A. - 2 K
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Number of residues prime to any modulus.

Let the modulus be expressed as a product of powers of its prime factors,
m = p"¢° ... then of the N (m) residues,

© (m) =[N (p) = N(p")] [N (") = N(¢")] . ...
are prime to mu.
In particular for a pure prime p,

o(p)=p"'—1 and @(p*)=p* —p*7;
and for a mixed prime, ¢ + b7,
D(a4b)=a*+0*—1 and & («-+ bi) = (o + by — (& + bg)a—l.

This value ®, when we are dealing with complex numbers, must be distinguished
from the value ¢ when we ave concerned only with real numbers.
To a mixed prime ¢ is inapplicable, and to a real it has the relations ¢ (p) = p — 1,
¢ (p")=p*—p~
Any modulus may be multvplied by — 1, 1, or — ¢, for if the modulus is a factor of
any number it remains a factor on being multiplied by — 1, ¢, or — 4. This enables
us to change any modulus into one entirely positive :—
For
—a—Bi=—1(a4 B)
— B+ at =1 (a + Br)
B—wi=—i(at B

Parr IT.—REesipues or PowrRs oF NUMBERS FOR ANY Mopurus, CoMPOSITE
AND CoOMPLEX.

(i.) @ being a number prime to u each term of the series of residues
a, &, b .. . (mod m)

is one of the ® (m) residues which are prime to m. IHence, as in (Proposition 1), we
see that, if ¢ is the smallest integer for which o/ = 1 (mod m), the infinite series of
residues consists of a repetition of ¢ terms beginning from the first term. The
number ¢ is called the exponent of & for the modulus m.

Example—The series of residues of the first twenty-four powers of the number
2 <+ 7 for the modulus 9 are :
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24 ¢
34 44
24 2
2 4+ 6
74 5
8¢
L4+ 70
4+ 6
247
6+ 71
54 2
8
74 8
6 4 5i
T+ T
7+ 3¢
2 4+ 4
v
8 + 2¢
54 3¢
7+ 2
3+ 2t
4+ 7
1
after which the set of twenty-four terms constantly repeats itself.

(ii.) The proof is identical with 2, that if & has exponent ¢ mod m and ¢* = 1, then
¢ divides s.

(iii.) The proof of FERMAT'S theorem a*™ =1 (mod m) is identical with that in
(3) if for “the ¢ (m) numbers less than m and prime to it,” we substitute *the @ (m)
residues of m that are prime to it.”

Hence the corollary, that the exponent of any number, modulus m, is a divisor of
® (m).

Lxample.-——Mod 9 = 3% @ (3%*) = 3* — 3°=72. In Proposition (i.) we saw that
the exponent of 2 + ¢, mod 9, is 24, a divisor of 72.

(iv.) The proof is identical with that of (4). If @ has exponent ¢, mod m, then o

has exponent 7: where ¢ == kr and « is the G.C.M. of s and ¢.
2 K 2
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Hrample—Taking again the successive powers of 24 ¢, mod 9, we find the
exponent of each of the twenty-four numbers.

No. s 7 = ex].

2+ 1 1 24

3+ 47 2 19

/4 2+ 2 3 8
/\ 2 4 6¢ 4 G
— 7+ 5 5 24
§>~ 81 6 4
oln 14 7: 7 24
EG 4+ 6 8 3
T O 2+ 71 9 8
=w 64+7 10 12

5492 11 24
8 12 2
748 13 24
6 + 57 14 12
7 47 15 8
743 16 3
294 4 17 24

PHILOSOPHICAL
TRANSACTIONS
OF

% 18 4
8 + 2¢ 19 24
54 3t 20 6
74+ 2 21 3
342 22 12
4+ 7 23 24
1 24 1
e .
B (v.) The proof is the same as that of (5).
§ o If the exponent of « is ¢, and of " is ¢, and ¢ and ¢ are co-prime, then the
exponent of aa’ is 7.
2; And hence the corollary, that the same is true for any number of numbers: if
Eg a, o/, o, ... have exponents ¢, ¢/, ¢/, ... co-prime, then aa'a” ... has exponent
we' ...
= w

flcample.—The exponent of 3 for mod 1 + 57 is 3.

Its successive powers have residues 8. 9. 1.

The exponent of 5 for mod 1 4 5¢ is 4.

Tts successive powers have residues 5. 25. 21. 1.

Hence the exponent of 5 X 3 =151is4 X 8 = 12.

The successive powers of 15 have residues 15. 17. 21. 3. 19, 25, 11. 9. 5. 23. 7. 1.

PHILOSOPHICAL
TRANSACTIONS
OF



http://rsta.royalsocietypublishing.org/

1~
)

A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

)
A

Py
A \

/
S

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

FOR ANY COMPOSITE MODULUS, REAL OR COMPLEX. 253

Lixample.—The exponent of 2, mod 7, is 8. 'The residues are 2. 4. 1.

The exponent of 5+ 2¢is 8. The residues are 5 =4 21, 64, 2 4 2, 6, 2 4 51, ¢,
5+ 5i, 1.

Hence the exponent of 10 4+ 41=3 4 4¢ is 3 X 8 = 24.

The successive residues are

S4+4i 85 2492 5 1461 4
343 4 542 5 144 6.

4430 4 55 2 6+ ¢ 61,
44+47 3 245 2 646/ 1.

(vi.) The proof is the same as for (6).

Suppose that o has exponent ¢, and a’ has exponent ¢, and that ¢ and ¢ are not co-
prime. Then, if ¢ and ¢’ contain no prime factor raised to the same power in both,
the exponent of aa’ is the L.C.M. of ¢ and ¢

Lxample.—The exponent of 35 for mod 9 + 67 is 6.

The residues of its powers are 35. 16. 14. 22. 29. 1.

The exponent of 3 4 7¢ for the same modulus is 4.

The residues of its powers are 3 + 7¢. 14. 15 4 21. 1.

Hence the exponent of 35 (3 4 77) is the L.C.M. of 6 and 4 = 12.

35 (3 4 7¢) = 105 4 2450=33 + 27 (mod 9 + 61).
The residues of its powers are

33 4 24 29 33 + 14 29 2 14.
1244¢ 16 15 + 27 35 18 + ¢ 1.

(vii.) The proof is the same as for (7).
If « has exponent ¢, ¢’ has exponent ¢, ¢’ has exponent ¢’, &c. for modulus m, and
1Y , ’ Y , 5
/7'/ //7.//

if of the #£'t” . . . numbers a’a”a”” . . . (modulus m), formed by giving to » all values
modulus ¢, to # all values moduius ¢, &c., no two are congruent ; then if

aa” ... =1 (mod m),
we must have

7ot

=1, ¢ =1, ..
in other words, if a product of powers of numbers that are independent generators .
be congruent to unity, then each of these powers is itself congruent to unity.

(viil.) Proof identical with (8).

The exponent of the product of a number of independent generators is the L.C.M.
of their exponents.
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In particular if the separate exponents are all powers of the same prime, then the
exponent is equal to the greatest of them.

(ix.) Proof the same as for (9).

If the exponent of a for modulus m is ¢, and for modulus » is ¢, and m and n are
co-prime, then the exponent of o for modulus mn is the L.C.M. of ¢ and ¢'.

Also the corollary, if the exponents of ¢ for moduli m, m’, m”, . . . are respectively
t,¢',t",...m,m’,m". .. being co-prime, then the exponent of o for modulus mm'm”. ..
is the L.C.M. of the numbers ¢, t', ¢'. . .

Eaxample.

i 4 7=4 (mod 2 4+ 1),

and the residues of its powers are 4. 1. Hence the exponent of 1 + ¢ for modulus
2+ is 2.
1 4 1=6 (mod 3 4 2¢),

and the residues of its powers are 6. 10. 8. 9. 2. 12. 7. 3. 5. 4. 11. 1. Hence the
exponent of 1 4 ¢ for modulus 8 + 217 is 12.
The moduli 2 + ¢, 3 + 2¢ are co-prime, therefore the exponent of 1 4 ¢ for modulus
(2 41) (3 + 2¢)1s 12,
14+ 2=19 (mod 4 + 77),

and the residues of its powers are

19. 36. 34. 61. 54. 51. 59. 16. 44. 56. 24. 1.

Eaxample.
1 4+ 27 has exp 8, mod 3 ;

the residues of its powers are

T 2.4 144 2 244 2 2420 1.
I 4+ 2¢=11 (mod 3 + 2¢), and has exp 12;

the residues of its powers are

11. 4. 5, 3. 7. 12. 2. 9. 8. 10. 6. 1.
1 4 24=26 (mod 6 4 1), and has exp 83,

the residues of its powers are
26. 10. 1.

Hence, since 3, 3 + 21, 6 + ¢ are co-prime, 1 + 2¢ has for modulus 8 (3 + 2¢) (6 + ¢)
exponent = L.C.M. of 8, 12, 3, i.e., 1 4 2¢ has exponent 24 for modulus 48 + 451.
The residues of its powers are
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1+ 20 90 42 1389 4. 692. 275 4 4. 1419 + 27, 1370 + 2.
1231, 1012 4+ 22. 291 4 2. 1015 4 4. 482.

32 414, 540 4 2i. 827 4 24, 211. 244 4 2. 969 --7. 439 + <.
269, 1048 + 4. 741 + 24, 508 4 27, 1.

(x.) Proof identical with (10). _

If the exponent of « is ¢, and ¢ = pgr... where p, ¢, »...are co-prime factors
of ¢, then a can be expressed as a product of numbers whose exponents are p, ¢, 7. . .

Lxample—2 + 4 has exponent 24 for modulus 9. (See example Proposition iv.)

24 =38  16=1 (mod 3)} 9 =1 (mod 8).

=0 (mod 8) =0 (mod 3).
Hence 4
24 1=(2 4 2)% (2 + ¢)° (mod 9),
= (7 4 8i) (2 + 77) (mod 9),
where

7 4+ 81 has exp 3
and (See example Proposition iv.)
: 2 4 74 has exp 8

Example.—33 4 2¢ has exponent 12 for modulus 9 + 64  (See example Pro-
position vi.)
12 =38.4 4=1 (mod 3) 9 =1 (mod 4)
=0 (mod 4) =0 (mod 3).
Therefore
33 + 20 = (33 + 2)* (33 + 2)° (mod 9 + 67)
=22 (15 + 2i) (mod 9 + 67),

where 22 has exponent 3, and 15 + 2¢ has exponent 4.

(xi.) The number of numbers with exponent ¢, when the modulus is a prime (pure
or mixed), is ¢ ().

Any exponent ¢ is a divisor of ®(p), p being the prime modulus (Corollary, Pro-
position iii.). Exactly as in (11) we see that if there be one number with exponent ¢
there are ¢ (¢) and no more.

Now t, t,, . . . being all the divisors of any real number ® (p),

¢ () + () +. . . =2(p)

Corresponding to each value ¢ theve ate ¢ (¢) numbers, or none with ¢ as exponent.
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The number of residues altogether (prime to the modulus p)is ® (p). Hence, in no
case can there fail to be ¢ (£) numbers with exponent ¢, ¢ being any divisor of ® (p).
Corollary.—In particular, any prime modulus p has numbers with exponents @ (p),
i.e., has primitive roots.
The number of these primitive roots is ¢ [P (p)].
If p is a pure prime this is ¢ (p* — 1).
If p is a mixed prime, = o 4 B¢, the number is ¢ (a* + B> — 1).

P

<Y Frxample.—DModulus 5 + 2:. 10 is a primitive root with exponent,

—

NI ® (5 4 20) = (5° 4 20 — 1) = 28.

o5

i 5 The residues of its powers are given in the table.

O .

=uw Number 10 13 14 24 8 22 17 25 18 6 2 20 26 23

Index 1 2 3 4 5 6 7 8 9 10 11 12 13 14

Number 19 16 15 5 21 7 12 4 11 23 27 9 3 1
Index 15 16 17 18 19 20 21 22 23 24 25 26 27 28 or O

PHILOSOPHICAL
TRANSACTIONS
OF

The ¢ (28) = 12 primitive roots are 10 14 & 18 2 26 19 15 21 11 27 3.

Example.—Modulus 7. Primitive roots have exponent ® (7) = 77 — 1 = 48.
2 + 4 is a primitive root, and the residues of its powers are given in the table.

21

Number 2417 3441 2440 31 4461 2420 267

Index 1 2 3 4 5 6 7 8
- Number 3-4+50 1461 3461 ¢ 6420 3431 3421 4
|
< Tndex 9 10 o1z 13 14 15 16
—
§> Number 1440 542/ 142 5 243 144 143 6
2 : Index 17 18 19 20 21 22 23 24
e
E @) Number 5461 4430 54+30 49 3-4+7 5450 541 2
— 8 Index 25 26 27 28 29 30 31 32

Number 442 6414 447 6 145 4440 L4+5 3
Index 33 34 35 36 37 38 39 40
Number 6 4+3¢ 2452 6450 20 541 6460 64 41

Index 41 42 43 44 45 46 47 0

PHILOSOPHICAL
TRANSACTIONS
OF
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The ¢ (48) = 16 primitive roots are

2+ 1+ 6 2+ 61 3 + 6¢
6 + 2¢ 1+ 4¢ 1+ 2 1+ 3¢
5+ 61 341 541 4+

1+ 5¢ 6 + 31 64 5 6 + 44

(xii.) The exponents to which a number o belongs for successive powers of a prime
as moduli. .

If we make one slight alteration the proof of (12) holds good throughout in the
case of complex numbers for powers of a pure prime p as moduli. [In place of “a < p”
read “x = one of the p? — 1 residues, mod p.”]

The exponent of & for mod p* is

tif NS,

prmeaf N> s,

where ¢ is the exponent of o for mod p, and p’ is the greatest power of p that divides
o — 1.

Corollary.—The greatest value of ¢ is p* — 1. (Proposition xi.) .

The greatest value that p*~* can have is got by making s = 1, u.e., by taking « so
that a”~! — 1 (though necessarily divisible by p) is not divisible by p?

Hence the greatest exponent that a number can have for mod p* is

(p*— 1)p*~"

Now @ (p*) =p* — p** "V = (p* — 1) p**~"Y, which is p*~! times the highest
exponent. ’

Hence for a power of a pure prime as modulus primitive roots do not exist.

Consider next the case of a mixed prime (not 1 4 2).

Suppose a + B¢ is the prime.

Then, if (e 4+ Bi)* = A 4+ B¢, A and B must be co-prime, for otherwise A + B¢
would be divisible by some number other than « 4 Be.

Hence the N (a + Bi)* = (o + B°)* residues can be taken to be the pure numbers

0, 1,2 ... (a" + B — 1.

Suppose that ¢ is any one of these numbers.
Then, if we have any congruence of the form

o = b[mod (a + Bi)"],
o — b=0[mod (a + Be)"],

MDCCCXCLL, —A. 2L
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it follows, since &' — b is a pure number, that

o — b=0[mod (& — ()],

therefore
@ — b=0[mod (« + B},
o = b[mod (a + B)*].

Hence for the modulus (« + B¢)* the residue of any power of a number is the same
as for the modulus («* 4+ B

Now o? + B is a real prime. ‘
Therefore the exponent to which @ belongs for modulus (a 4 B4)* is

tif NS,
t(o® + B0 if N > s,

where t is the exponent of & for mod & + % and («* + B?) is the highest power of
o 4 B that divides of — 1.
The greatest exponent is
(2 + B = 1) (a2 + B
“and

e+ Bi) = (8 + F) — (& + )= (o + B — 1) (& + ).

Thus for powers of a mixed prime primitive roots do exist.

(xiie.) We see from the last proposition that for a power of a mixed prime as
modulus primitive roots exist, and any one of them generates by its powers all the
residues prime to the modulus. But in the case of a power of a pure prime p*, the
highest exponent is p*~! ( p* — 1), whereas ® (p*) = p**~(p* — 1).

We wish now to find how all the p**~V( p¥ — 1) numbers can be generated.

Take a number ¢ with exp p*=1(p* —'1)
31]d ” I f 3y P }7)\—1

g can be expressed as a product

g=f"h (mod p*),
where

J~ has exp ]0“‘1} ..
| (> Proposition x.

9~
h 99 IR ]’)

fand f" are each =1 (mod p)

.. r» Proposition xii.
#1 (mod p?)
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FOR ANY COMPOSITE MODULUS, REAL OR COMPLEX. 259
Suppose
S =1+ ap (mod p?) a Z 0 (mod p),
J =14 ap (mod p¥) & Z 0 (mod p).

The p*~1 x p*~1 (p* — 1) numbers generated by products of powers of fand ¢ will
be the p**~?( p? — 1) residues prime to the modulus p*, provided that no two of them
are congruent. We shall now show that no two can be congruent provided that % is
a complex and not a real number, k being determined by the congruence ko' =a

(mod p).

Suppose that two of the numbers generated are congruent, say
g/ =g 7 (mod p*),

© %4 (mod p*~t. p? — 1),
J#£J (mod p*~).

9" = f7" (mod p*),

where

This is equivalent to

where
"=1—1 % 0 (mod p*~1.p*— 1),
J'=7 —J F 0 (mod p*7),
7" may be divisible by a power of p.
Suppose
j-// —_ Bp)\—s,
where 8 is prime to p, and s may be any one of the numbers 2, 3. ... \.
Then _
/" has exp p*~%  (Proposition iv.),
therefore
9" has exp p*~},
therefore

=B = 1)
where 8 is prime to p. (Proposition iv.) Therefore
e L (mod p*),
and, therefore, since :
h*=1 =1 (mod p"),
f/[g/ugz_l)p}\—s Efﬁp)\—s (HlOd p,\).

Raise both sides to the power p*~2, then

S0 TR = gt ? (mod p).
2L 2
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Let
BE=1 (mod p)
determine & and suppose
B (p* —1) =1y (mod p).

Raise both sides to the power &, then

S TE= 7 (mod ).

Now

Jf=1+ ap (mod p?),

therefore
STE=1 4 apt! (mod p),

and .

J =14 o«'p (mod p?),
therefore .

Fr 7 =1+ ayp* =T (mod pt),
therefore
L4 ayp "= 1 4+ ap*~ ' (mod p*),
therefore
yo' = o (mod p),

therefore '

v =k (mod p).

Now ¢, 5", B, B, and, therefore, & and finally y, are rea! numbers, whereas, by
supposition, k£ is complex, therefore on this supposition g and f are complete
generators. -

FEzxample.—Modulus 3%

®(3%) = 8¢ — 3 =72,
The highest exponent is
3(3°—1)=24.

We shall find that 2 4 ¢ and 4 4 32 can be taken for generators.

g =2 -1 has exp 24 mod 3%
=44 3¢ hasexp 3 mod 3?

240 = (24 i) (247 (mod 9)
= (7 + 81) (2 4 77) (mod 9),
and |
f =7+ 3¢ has exp 3.
Now
f=1+(1414).3 (mod 3
S=1+(2+47). 3 (mod 37)


http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

FOR ANY COMPOSITE MODULUS, REAL OR COMPLEX. 261

and »
E(2 +0)=(1 +7) (mod 3)
gives
k= 24,
which is not a real number.
The following table gives the indices of the 72 numbers.

///:;/'\ O 1 2
= 1 244 54 8 + i
< . . .
>-4H 2 3+ 40 71 6+
25 3 2+ 92 2 4+ 5 2 4 8
2 Q) 4 24 6 8 + 3 5
= O . . )
| 5 7 + 5 4 + 51 14 5
22 6 83 3 4 5i 6 4 2
=2 7 1476 1+ 44 144
.
0258 8 4+ 61 7 14 3
7]
oz 9 2 4 74 54T 8+ 74
= 10 6 + 71 341 i
11 5+ 2 5 4 5 5+ 8¢
12 8 54 6 2 4 36
13 7 4+ 8 448 148
14 6 4 5i 2 348
15 7 4+ 74 7+ 4 7+
16 7 43 146 4
17 2 + 44 54 44 8 4 44
e 18 0 6 + 40 3+ 71
—_ 19 8 4 2 8 4 5i 8 4 8i
§E 20 54 3 2 8 + 61
gm 21 7 42 442 14 2
e
MmO 29 3 4 2 6+ 8i 5
= O 23 4470 ; ;
— o A 4 71 4 4 49 4 4
0 1 448 7 4 66

[The pair of indices for any number are found at the end of the row and at the head

of the column in which the number is situated.
Thus

PHILOSOPHICAL
TRANSACTIONS
OF

14 8(=(2 4 4)® (4 + 3i)* (mod 9) ]


http://rsta.royalsocietypublishing.org/

/an
A

A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

)
A

a
A \

/
S

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

262 MR. G. T. BENNETT ON THE RESIDUES OF POWERS OF NUMBERS

(xiil.—xvi.) Propositions (13) to (1.6) are concerned with the moduli 2*. In Proposi-
tions xiil.~xvi. we shall investigate the moduli analogous to these in the case of
complex numbers, viz. (1 4 ¢)*.  [Propositions xiii.~xvi. will not be made to correspond
individually to Propositions (18)-(16): they are intended to cover the same ground. ]

(xiii.) In the case of the smaller valuesof X, from 1 to 7, we shall find results, some
of which, though they are really particular cases of the general results for any value
of \, are not conveniently included under them.

We shall start by a separate treatment of each of the first seven moduli, finding—

(i.) the numbers which belong to each exponent ;
(ii.) what numbers must be taken in order to generate the complete set of residues.

Mod 1 4 4. There is only one residue, viz., 1, whose exponent is 1.
Mod (1 41¢)*. @ (1 4¢)*=2. There are two numbers, viz.,

© with exp 2
and
1 with exp 1

Thus, for this modulus, ¢ is a primitive root.
Mod (1 +14)® @ (14 1)> = 4. The four residues are—

¢, 2 4+ ¢ with exp 4,
3 with exp 2,
1 with exp 1.
v and 2 -+ ¢ are both primitive roots.
Mod (1 4 4)t. @ (1 4+ 2)* = 8. The 8 numbers with their exponents are

Exp 4. o, 37, 241, 2 + 31,
Exp2 8, 142, 3 2i
Exp 1. 1.

The square of each of the four numbers with exponent 4 is congruent to the same
number with exponent 2, viz. 3.

Hence, to generate the 8 numbers, we must take any one of the four numbers with
exponent 4, and either of the two numbers with exponent 2, viz. 1 4 21, 3 + 2.

Mod (1 4 ¢)®. @ (1 4 ¢)® = 16. The 16 numbers, with their exponents are

Exp 4. ¢ 31 2+ 2+ 3¢ 44 6+ 44 3 6 4+ 2,
Exp2. 3 5 7 14+2 842 542 742
Exp 1. 1
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The square of each of the 8 numbers with exponent 4 gives the same number with
exponent 2, viz. 7.
Also 7=38.5=(1 + 2¢) (3 4+ 20) = (5 + 2i) (7 4+ 2i). [mod (L + 7)°].

Hence, firstly, we must take as generators

one number with exponent 4
and ‘
two numbers with exponent 2

and, secondly, the two numbers with exponent 2 must neither of them be 7, and
they must not be a pair of the numbers as arranged above whose product is con-
gruent to 7.

Mod (1 +4)5. @ (1 4+ ¢)®=232. The 32 numbers with their exponents are
arranged below.

Exp 1. Exp 2. Exp 4.

1 5440 142 1467 34+2 346 54+2 546i 742 746
3440 241 2430 245 247 64+1 643 645 647
7 445 4430 4450 4470 4 3 53 7
5 .
5
146
7444

The 24 numbers with exponent 4 are written in three rows, and the number with
exponent 2, to which the square of any one of them is congruent, is to be found
written at the end of the row.

Moreover, the three numbers, with exponent 2 (viz. 5 4 44, 3 4+ 47 and 7), which
thus appear as the squares of numbers with exponent 4, are such that the product
of any two is congruent to the third ; for

7 (54 42) (34 42) =1 [mod (1 + ¢)°].
Hence, to generate the 32 numbers, we must take
two numbers, with exponent 4, not in the same row

and
' one number, with exponent 2, selected from 3, 5, 1 + 41, 7 4 44
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Mod (1 4 ¢). @(1 4 ¢)"=64. 'The 64 numbers, with their exponents, are
arranged below.
Expl. Exp2. Exp 4.

1 7 444 1247 3 8+3i 50 8450 4470 12470
9 3 5 11 13 1440 744 9440 1544
15 i 8+ 4430 12430 4457 1245 74 870

344 244 104+¢ 2430 10430 6450 14457 647 14470
5440 542 742 1342 15420 1460 346i 94+6i 11460
11446 641 1447 6430 14430 245 1045 247 1047
1344 142 3420 9420 11420 5460 7460 1346 1546i

The 56 numbers with exponent 4 are arranged in rows collinearly with the
numbers, with exponent 2, to which their squares are congruent.

The 7 numbers with exponent 2 can be arranged in 7 sets of 3, so that of each 3
the product of any two is congruent to the third (or the product of the three

congruent to unity). Thus:
7.9. 15 =1

7(13 4+ 4) (3+4)=1
7(5+ 40) (11 + 4) =1
9 (3 4+ 40) (11 +40) =1 ¢ (mod 14 7).
9 (5 4 44) (13 + 4i) =1
1534+ 4) (54 4)=1
15 (11 + 40) (13 + 4) =1

To generate the 64 numbers, we must take three numbers each with exponent 4.
The product of powers of three such numbers can only be congruent to unity without
each being separately congruent to unity, if the product of their squares be so.

Hence, the three generators must be chosen, one each from three of the above
rows, and the numbers, with exponent 2 found in these rows, must not have their
product congruent to unity.

(xiv.) The numbers which have as eocponents 2, 4, and 8 for mod (1 + o)\

We shall use the results of the three following Lemmas :

Lemma (1).—If ‘

a*=1 [mod (1 + )]

(@ —1) (a-+- 1) =0 [mod (1 + 2)*]
a=1 [mod (1 4 7)*]
a4+ 1 =2 |mod (1 4 7)?]
=0 [mod (1 4 )],

Now, if
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t.e, if @ — 1 is divisible by (1 + ¢)® or any higher power, then a 4 1 is divisible by
(1 + ¢)* as the highest power.
Similarly, we can show that if a higher power than (1 + ¢)? divides @ 4 1, then no
higher power than (1 + ¢)* divides o — 1.
Therefore, if k > 4, either
a=1 [mod (L + ¢)?|
or
a=— 1[mod (1 4 7)*~?],

therefore, « being > 4, the solutions of

a® =1 [mod (1 + )]
are given by
a =+ 1[mod (1 4 2)<=7].
Lemma (2).—If
@* = ~ 1 [mod (1 4+ 2)]
(¢ +7) (@ — 1) =0 [mod (1 + 2)]
Now, if
a =1 [mod (1 + 1)?]
a + 1= 2t [mod (1 4 ¢)%]
=0 [mod (1 + 7)*].

Thus as above, if either of @ -+ 7, @ — ¢ is divisible by a power of (1 -+ ¢) above the
second, then (1 + 7)% is the highest power that divides the other.
Therefore, if k>4 the solutions of

a?=— 1 [mod (1 + 7) ]
are given by
a =7 [mod (1 + ¢)<*].
Lemma (3).
Ca?= 4 ¢[mod (1 + ©)]

is impossible for any value of x> 1.
For if so,
a?= 4 i[mod (1 + ¢)7],
or
. a*=1[mod (1 4 7)?],
since
— 1=1[mod (1 + )],

12 = i[mod (1 + )],
@ 2 i[mod (1 + )]

MDCCCXCIIL.—A. 2 M

which is impossible, for

and


http://rsta.royalsocietypublishing.org/

\

A

A\
A \
A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS

a
\

.
/

THE ROYAL

PHILOSOPHICAL
TRANSACTIONS

)

A A

SOCIETY

OF

OF

Downloaded from rsta.royalsocietypublishing.org

266 MR. G. T. BENNETT ON THE RESIDUES OF POWERS OF NUMBERS

Numbers with exponent 2 mod (1 4+ o). (A>4.)
All these numbers, together with 1, which has exponent 1, satisfy the congruence

a?=1[mod (1 + ¢)*];
therefore
=4 1[mod (1 + ¢)*?]

gives (together with unity) the numbers which have exponent 2, mod (1 -+ o)
We get thus 7 humbers with exponent 2, mod (1 4 7). They are congruent to

—1 jl
14 (14 ip-? | N
j: 1 + (1 + ,1:)}\‘--1 k[moa (1 + ?/) ]'

£ 1A (L4 Pt (L)

The product of any two of these is congruent to a third. If we name the
7 numbers thus—

o=—1,

B=+1+ (1403
y=—14 (143
S=414+0 4
e=—14 (14

p=4 14+ (14024 (L0
=—14 142+ 1+

then these relations may be written thus—

aBy =1,
ade =1,
‘ anl =1,
Bon =1
Bel =1,
Y80 =1,
ven =1,

[which includes aB =7y, ay=8, By=«a, because * =1, F=1, y*=1].

Numbers with exponent 4, mod (1 4 ) (A>6.)
The numbers which satisfy

at=1[mod (1 + 0)"],
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and which do not satisfy
a?=1[mod (1 + ¢)"],

are the numbers with exponent 4.
Hence Lemma (1) gives us
a?*= 41 [mod (1 + ¢)*~7],
and then Lemma (2) gives

o==41, 44 [mod (1 4 2)*~*].
If of these numbers we exclude
o= 1[mod (1 + 2)*" 7,

we have the numbers with exponent 4.
Hence the numbers with exponent 4 are

= ¢ [mod (1 4 2)*~%),
and

=414 (14"
+ 14 (1403 mod (1 + 2)* 2
414 (L Fap-t4 (1 For-?

The number of these is
2N [(1 + )*] + 6N [(1 + 2)*]

=2.2¢42.3.2°
= 243,28
= 95 4 2% 4 98 = 56.

Numbers with exponent 8 mod (1 + 2) A>8.
The numbers are those that satisfy
a® =1 [mod (1 + 2)"],
excluding those that satisfy
a* =1 [mod (1 + 2)"].
Now
a®=1[mod (1 + 2)*]
gives
a!= 4 1[mod (1 4+ ¢y**]. Lemma (1).
o@*= 4+ 1 [mod (1 4 ¢)***} Lemmas (1), (2), and (8}
a =41, & ¢[mod (1 4 2)*°]. Lemmas (1) and (2)

Of these we have to exclude

a=441 =1, [mod (1 4 ¢)**].
2 M2
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Hence the numbers with exponent 8 are

+1, &4, + (1 +o)°
+ 1, 4, + (L4 0)° mod (1 4 7)™
1, A (L 0P o (1 i

In number they are
4X3X N1+
= 2% 3, 2%
= 20 4 97,

We have not specially examined the modulus (1 + ¢)%. The general results
already obtained give us the numbers with exponents 2 and 4. We will find the
numbers with exponent 8.

Of the solutions of

a®=1[mod (1 4 2)8]
we must exclude those of
a*=1[mod (1 4 ¢)*].
af =1 [mod (1 + 2)8]
gives :
a'=4 1[mod (1 + 2)]
and '
o= 4 1 [mod (1 + )],

and therefore

=i, 8, 241,24+ 8,8, 142,342, 1 [mod (1 + i)*]. [See mod (1 + 4)%]

The numbers to be excluded are

at=1[mod (1 4 7)]

o=+ 1 [mod (1 + 9)%)

a ==+ 1, +i[mod (1 4 )],
e,

a=1, 8,1, 3¢ [mod (1 + ¢)*].

Hence the numbers =2 + 4, 1 + 27, 2 + 87, 8 + 2¢ [mod (1 4 7)*] have exponent 8.
The number of them is 4 X 2¢ = 25,
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(xv.) The numbers which have exponent 2° for mod (1 4 ¢)*. [A>8 and s>3.]
The numbers are those which satisfy

a® =1 [mod (1 + 7)"],
and which do not satisfy
¢ =1 [mod (1 + 3)].
The first gives ‘
a=+1, +¢ [mod (1 4 ¢)~*¥]if A — 25> 2,
and the second

a=41, £+, [mod (1 4 ¢)*~*+?],
Hence the numbers with exponent 2¢ for mod (1 + ), (A — 2s > 2), are

4+ 1, +4, + (1 F )%
+ ]’ + 7:: + (1 + '?:)A—23+1 mod (1 + ?:)}‘_93+2,
+1, +9, + (144 (14 o) %t

The number of them is
12 X N (1 4 ¢)*~?

- 22_ 3. 22&—2
— 22& + 2234-1.

If \is odd, = 2 + 1 the greatest value of s is w — 1, and then A — 25 > 2.
So there are 2%~% 4- 2%~! numbers with exponent 2*~! for mod (1 4 ¢)**, viz.,
+ 1, d 4 (L4 i |
+ 1, + ¢, 4+ (1 4 2)* mod (1 + 75,
+1, £0,+ 1+ + (1 +9)

7426, 5420, 6431, 64F1¢)

5 3 44 8¢ »mod (1 + 7).

342, 142, 243(, 241

So for mod (1 + ¢)**? there are ‘

Il

2% =1 4 2%=2 pumbers with exp 2+~1 )
92 +1 + 2% ” s A
27 + 26 %) ) ”? 2° }
95 ot 98, 2
224241 » noon 2
1 I » 1

making, in all, 2% = @ (1 + ¢)***' numbers, as it should.
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If X is even and = 2p, then we may have s = p + 1, and in this case A — 2s = 2.
We wish, therefore, to find the numbers with exponent 2¢~! for mod (14 o)™
We have to take the solutions of

a7 =1 [mod (1 + )]
and exclude those of

@ ™" = 1 [mod (1 + ¢)*]

The first leads to

o=+ 1 [mod (1 + )],

and the second to
a= 41, 4 ¢ [mod (1 4 4)4],

therefore

a=142i, 241, 342, 2+ 8/ [mod (1 + 7)t]
Hence the numbers with exponent 2“~! for mod (1 + ¢)* are
=142, 247, 34 2, 24 3i [mod (1 + 1))

The number of them is 4 X N (1 + @‘)%'”1-

= 27 2%—*
— 2211-"“2‘
For mod (1 + ¢)* there are

2m=2 ~ numbers with exp 2+~1 )
2% =8 + 2=t » ] ] v
22‘9 + + 228 2 25 35 28
27 + 26 tH) 3] 93 23 >
P42t 422, oo 2P
2+2+1 » »oon 2
1 ‘ 23 2 29 )

making, in all, 2%~ = @& (1 4 ¢)* numbers as it should.

(xvi.) Generators for the modulus (1 4 )\

If N = 2u 4+ 1, it is easy to see that in order to generate 2% numbers, of which for
each exponent there shall be the right number of numbers (as just found), we must
take three generators :— |

two generators with exp 2+~
and .

one generator with exp 2°
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If A = 2u, we can similarly see that we must take three generators

one generator with exp 2"~ “L

Oou—2

3 ) 2+ .
02

» b2) 2 J

We have now to show how these may be selected, so that all the numbers generated
may be incongruent,

Any number, with exponent > 2 modulus (1 4- 7)*, has one of its powers, and
one only, which has exponent 2.

Suppose all the numbers modulus (1 + ¢)*, arranged in 7 groups, so that all the
numbers in a group may have the same number, with exponent 2, as a power.

We shall now prove four Lemmas with regard to these groups.

Lemma (i.). A power of a number belonging to any group beiongs to the same
group.

Let o have exponent 2¢, and belong to the group «, .e.,

o " =amod (1 + )],

Take any power of @, say a*” where 7 is odd.
Its exponent is 2°~°.  (Proposition iv.)
Therefore
(a)? """ has exp 2,
i.e.,
a? ' has exp 2,

and it 1s = o/, and, therefore, = &, because 7 is odd.
Therefore, any power of a belongs to the same group.
Lemma (ii.). If o and @’ have exponent 2%, and belong to the same group o, then

(a)” ™' =1[mod (1 + 1)].
For

2s—l

il

o,

98 =1

Il

o,

Therefore
(acf ™ = a?=1[mod (1 + )]
Lemma (iii). Tf

a has exp 2° and belongs to group «,
and

b 2 2S bRl 3 B,
ab

then

s
3 Z 2

2 Y
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where
afBy=1.
For
a/zs ! =a,
¥l =4.
Therefore

(@b) " =aB =y [mod (1 + 1)"],
and, therefore,
ab has exp 2°, and belongs to group y.
Lemma (iv.). If
a has exp 2°*7 and belongs to group «,

and
b 3 23 29 29 B,
then
ab 3 2ite 35 ) o
For
o +o—1 E 0‘
23 - ,8
and, therefore,
b2s +o—-1 E 1 )
Therefore
(O&b)gs +o—-1 =a.
Therefore

ab has exp 2°*7, and belongs to group «.

Now, suppose that we take these generators with the necessary exponents. They
must be chosen so that the numbers they generate are all incongruent.
Let g1, 95, g5 be the generators.

Then, g,%, 95%, g5* = g%, 9.%, 95 [mod (1 4 7)"] must be impossible unless

v, =1, (mod exp ¢,),
i, = 1y’ (mod exp ¢,),
13 =14’ (mod exp gs),

ne., g7, 947 g5 =1[mod (1 + 7)*] must be possible only when
J1=0(mod exp ¢;), J,=0(mod exp ¢,), J5=0 (mod exp g,).

We shall now show that to render this so, the three generators must belong to
three different groups, and that those three groups must not be any one of the seven
sets of three, such as «, B, y, for which a8y =1.
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Let us denote the exponents of ¢, ¢,, g5 by 2% 2% 2% [When \ is odd these are
2¢=1 2#=1, 22 and when \ is even, 2¢77, 2#7%, 2%

First suppose that any two of the generators belong to the same group.

Say g, and g, both belong to the same group ; s, and s, may be equal or unequal.

If s, = s,, Lemma (ii.) shows that the exponent of ¢,g, divides 22!, therefore

(9 192)281_1 = 1 [mod (1 + )"},

g g =1 [mod (1 + )],
where
250~1 =£ 0 (mod 2%),
22~1 £ 0 (mod 2%),

therefore g, g,, cannot belong to the same group.

If s, = s, + o, then g,* has exponent s,, and Lemma (ii.) shows that

g g T =1 [mod (1 + ¢)*],
where
29=1=0[mod (1 + )],

therefore g; and g, cannot belong to the same group.
Hence the three generators must belong to three different groups.
Next suppose that the three generators belong to three groups, such as «, 83, y.
Then
9 g g T = afy =1 [mod (1 + i),
where
2971 =£ 0 (mod 2%),
2571 =£ 0 (mod 2%),
251 =£ 0 (mod 2%),

and therefore the three generators must not belong to three such groups.
Finally, we can see that if the three generators are taken from three different
groups, excluding the seven sets of three groups, then

97 g 957 =1 [mod (1 )]
is not possible unless
J1=0 (mod 2%),
Jo =0 (mod 2%),
jg =0 (mod 2‘93).
Lemma (i.) shows that g%, gy%, g5 belong to the same groups as do g;, gs s

Suppose that these are «, 8, and 8.
MDCCOXCIIL —A. 2 N
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The Lemmas (iii.) and (iv.) show that the group to which g,7g,” g,/ belongs is
one of

a, B, 8, af, «d, BS, or «f3),

o, ﬁ: 87 Y, € 7, or 9}

ne.,

and in no case is the product congruent to unity, save when each factor is so
separately.

The result, therefore, is that for modulus (1 4 2)* we have to take three generators
with the exponents determined in the last proposition, and such that the product of
the three numbers with exponent 2 that they separately produce shall not be
congruent to unity.

Frxample.—Mod (1 4 ¢)%. @ (1 41)8 = 27

The exponents of the generators are

98, 92, 22,

The 2° numbers with exp 23 are

142, 342
+ ,Z + Z} (mod 4).
2 4, 2+3zJ

The 25 4 2* 4 23 numbers with exp 2° are

3

7’} (mod 4) and 3, 5, 8 + 4i, 5 + 43, 1+ 4, 7 + 4 (mod 8).
The 2° + 2 + 1 numbers with exp 2 are

15,9, 7, 148, 15+ 87, 9+ 8¢, 7 + 8i.

If of these we take
2 4+ ¢ with exp 8,
3 with exp 4,

and
1 with exp 4,
we have
(2 +9)*= 9+ 8¢ [mod (1 4 )],
3= 9 [mod (1 4+ ¢)8],
and
P=15 [mod (1 + 4)%],
and

94+8:.9.15=15 4 87 % 1[mod (1 + 2)%],

therefore, 2 + ¢, 3, and ¢ generate the 27 numbers.


http://rsta.royalsocietypublishing.org/

N A

a
L
A B

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A

%

S

JA \

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

FOR ANY COMPOSITE MODULUS, REAL OR COMPLEX. 275

Example.—Mod (1 4 ¢)°. @ (1+41)° =25 The three generators have exponents
93,93, 92,

The 27 + 26 numbers with exp 2? are (see Proposition xv.)—
=742, 5427, 6437, 644, 5, 3, 444, 87, 3423, 1427, 2+37, 2+ [mod (140)°].
The 25 + 2* + 2% numbers with exp 2? are

=+ i[mod (1 4 d)f]and 7, 9, 8 + 47, 5 + 44, 11 + 43, 13 + 47 [mod (1 + 4)7].
The 2° 4 2 4 1 numbers with exp 2, are

15, 17, 31, 7 4 84, 23 4+ 84, 25 4 8, 9 4 8.

If of these we take
2 - ¢ with exp 8,
3 with exp 8,

and
¢ with exp 4,
we have
(24+10)'=9 48
3 =17 and 15.17.(9+ 80)=7 + 8i £ 1.
* =15

Therefore 2 + ¢, 3, and ¢ generate the 28 numbers,

(xvii.) From Propositions ix., xii., xiii., and xiv. the exponent of a number for any
modulus (to which it is prime) is readily determined.

Let the modulus be expressed as a product of powers of its prime factors,

m= (14 )P P .. QrQs~. . .,

where Py, P,, . . . are pure primes, and Q;, Qq, .. . are mixed primes, and equal to
o, + Bty oty + Byt - . .
Then, by Proposition ix., the exponent of any number @ is the L.C.M. of its separate
exponents for the moduli
(L42) Py Pyyoo Q1 Qg

The greatest exponent possible.—The greatest exponent for mod (1 4 )< is

1if k=1,
21if k =2,
4if 2 < k< 8,
2¢-1if 82k = 2« or 2« + 1.
2 N 2
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The greatest exponent for mod P» is

PR (P2 — 1)if A, > 2.

The greatest exponent for mod Q,* is

a+ B —1if py =1,
(0 + Bt (a4 B2 — 1) if py > 1,

and the greatest exponent for mod m is the L.C.M. of these separate greatest
exponents.
Premative roots exist when the greatest exponent is equal to @ (m), and

D (m)=@(1 4. @(Ph). @(Py) ... @(Q) 2 (Q) . ..
and
O(l+iy=1if k=1

=2""if k > 1,

o (PM)=P2—1if \, =1
=Pp2rO=-0P2—1)if \, > 2,

P Q)=+ B — 1if py=1
= (o + Bf) 7" (¢ + B — 1).

The only cases in which the greatest exponent can be equal to ® (m) are those in
which the separate exponents are each equal to the ® of the modulus they refer to
and are also co-prime.

Hence we have the following moduli possessed of primitive roots :—

(1) The moduli 1 47, (1 4 )%, (1 4 4)%;
(2) Any pure prime and (1 4 7) X any pure prime ;
(3) A power of a mixed prime and (1 + 7) X a power of a mixed prime.

Example.—To find the exponent of 3 4 2¢ for mod 1000.

1000 = 28. 5% = — (1 4+ 4)° (2 4 o)* (1 + 24)°.
The exp of 3 + 2¢ for mod (1 4 )% is 4.
38 4+ 2¢=1(mod 2 + %),
and therefore has exponent 1.

(3 4+ 20)! % 1[mod (2 + ¢)*]

therefore
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3 + 27 has exp 52 for mod (2 4 4)%
3 + 2 =2 (mod 1 + 2i),
and therefore has exp 4.
(3 + 2i)*=21[mod (1 4 2i)*]

EDL

8 + 24 has exp 4. 5 for mod (1 + 27

therefore

The exponent required is the L.C.M. of 4, 5% and 4. 5% = 100.

Therefore the exponent of 8 4 2¢ for mod 1000 is 100.

(xviil.) Proof identical with (18). v

If @ be not prime to m and m = pP where p consists of powers of those primes
which occur in @, and P is prime to «, then the series of residues

a, a? 3. ... oot L (mod m)

consists of periods of ¢ terms, the first period beginning at the 7! term : where ¢ is the
exponent of a for mod P, and 7 is the least number that makes a” divisible by p.
Corollary.—When ¢ =1 (mod P) ¢ = 1 and the period consists of one term.
When o is divisible by p the first period starts from the first term.
When both these conditions hold good then every power of ¢ is = & (mod m).
Example.—Residues of powers of 2 + ¢ for mod 10.

10 = — (1449)2(2 4+ 1) (1 + 21),
p =272,
P = (14 (1 4+ 2),

therefore 7 = 1, and ¢ is the exponent of 2 4 ¢ for mod (1 + ¢)? (1 + 21).
Now

2 + ¢=+¢[mod (1 + 7)*] and therefore has exp 2
and

2+ 1=4(mod 1 + 27) . . ’ 2
therefore ,

{ = 2.

The period consists of two terms and the first period begins at the first term

241,

24P =38+ 4,

24+)P=2+47
&e.


http://rsta.royalsocietypublishing.org/

A

\

/%

A
A \

A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

)

Py
fa \
A A

y i
Y 4

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

278 MR. G. T. BENNETT ON THE RESIDUES OF POWERS OF NUMBERS
Example.—Residues of powers of (1 4 ¢) for mod 100 = (1 4 )* (2 + ¢)* (1 + 2¢)?
p= (1 41,

=4,

P=(2 4 (14 2%
1 4 ¢ has exp 4 mod 2 4 ¢ and (1 4 2)* Z£ 1 [mod (2 + 1)*],

and therefore

therefore
1 + ¢ has exp 20 mod (2 + )%
Similarly
1+ 4 has exp 4 mod 1 4 27 and (1 + ¢)* Z 1 [mod (1 + 2i)?],
therefore

1 4 ¢ has exp 20 mod (1 + 22)%,
and therefore
t = 20.
The residues are
1+i 27 98 -4 2z 96 96 4 961 927 8492 16 16+16i 321
68+32t 36 364361 72 28472 56 56 4+ 56¢ 122
88+ 120 76 764761 52¢ 48 4 52i.

FExample.—The residues of the powers of 688 4- 7844 for mod 1000.
1000 = — (1 4 0)° (2 + 4)® (1 4+ 24)%.
688 -+ 784: =0 [mod (1 + ¢)°].
688 + 784¢ =688 — 57 (784) [mod (2 +1)*]. (See preface.)

1 =0 [mod (2 + 1)*].
an
688 + 784 = 688 + 57 (784) [mod (1 4 23)?]
=1 [mod (1 4 2¢)%].

Hence, » = 1 and ¢ = 1, and so all powers of the number 688 4 7847 are congruent
to itself for mod 1000.

688 688 784
688 784 784
504 752 136
04 04 72
8 6 8
344 392 656
9
784
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therefore
(688 -+ 7844)2 = (344 — 656 -+ 7847) (mod 1000)

=688 4 7841 (mod 1000).

(xix. and xx.) The proofs and results are the same as in (19) and (20).
Lrxample—Mod 10 =2. 5= — (1 +2)* (2 + 1) (1 + 20).
To find & so that
a=a; [mod (1 + ©)*]
=a, [mod (2 + 7)]

= o, [mod (1 4 27)].
‘We shall have
a = o, & + a,€, + ay&; (mod 10),

where €, &, & are found thus :—

& =(2+19) (1 4+ 2) &, =1 [mod (1 + 9],
502, =1 [mod (L + 1)?],
ta;=1[mod (1 + Z)QJ

=1,
and therefore
& =5 (mod 10).

&E=(1412 (L + 2)x, =1 (mod 2 + 7),
(20 — 4) x, =1 (mod 2 + ),

— 8w, =1 (mod 2 + 1),

2y =3 (mod 2 + 1),

and therefore
&, =8 4+ 6¢ (mod 10).

b= (1+ 0 @+ i) ay=1 (wod 1 + 2i),
(40— 2) ;=1 (mod 1 4 22),
— 4z, =1 (mod 1 + 21),

w2y =1 (mod 1 + 22),
and therefore .
& =8 4+ 47 (mod 10).

Hence
a=5a, + (8 + 64) ay + (8 + 47) ag (mod 10),
e.g., if
o, =1 [mod (1 + )]
ay =4 (mod 2 + 1)
oy =38 (mod 1 + 21) ]
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then
0=5 4 (8 6) 4 - (8 + 47). 3. (mod 10),
=5+ 2+ 474 44 2¢ (mod 10),
=1 + 6i (mod 10).

(xxi.) The number of numbers which belong to a given exponent when the
modulus is a power of a prime.
‘We have three cases to consider

(1) When the modulus is a power of a pure prime.
(2) When the modulus is a power of a mixed prime.
(3) When the modulus is a power of 1 4 .

(L.) We saw in Proposition xiie, that for the modulus p* we can generate the
@ (p*) = p**~D(p?* — 1) residues prime to the modulus by three generators

Jand f” each with exp p*~*
and ’

h with exp p? — 1.

How many of the residues have exponent p*, where s > N — 1 and ¢ divides
p?— 11

Of the p* — 1 powers of %, ¢ (¢) have exponent ¢.

Of the p*~! powers of f; p* have exponent a power of p  p.

Of the p*~! powers of f, p* have exponent a power of p P p*.

Therefore f and f’ generate p* numbers with exponent }> p*, and similarly p*~?2
numbers with exponent $ p~%

Therefore f and f” generate p* — p*~* numbers with exponent p*.

Therefore f; /', and g generate (p* — p* ~?) ¢ (¢) numbers with exponent p*, i.e., the
number of numbers with exponent pt mod p* is (p* — p*~2) ¢ (¢).

In particular the number of numbers with exponent p* is p* — p*~% and the
number of numbers with exponent ¢ is ¢ (¢) if ¢ is prime to p. ,

(2.) Any power of a mixed prime, (« -+ B¢)", has primitive roots, and hence, as in
(21), the number of numbers with exponent ¢ [any divisor of («* + B*)* — (& + B°)* 1]
is ¢ (¢).

(8.) The number of numbers with exponent a given power of 2 for modulus (1 4 7)Y
was found completely in Propositions xiv. and xv.

(xxia.) It will be convenient for the succeeding propositions to express the number
of numbers which have a given exponent for modulus (1 4 ¢)%, in terms of the
exponents of the generators. By so doing we shall avoid the detailed discussion of
the cases arising from different values of A, which was necessary in Part I

Suppose 2%, 2¢, 2" are the exponents of the generators.

The exponent of the product of any powers of the generators is equal to the
highest exponent of the three (Proposition viii.).
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The generator with exponent 2° generates

2* numbers with exp » 2°if ¥ > s,
2¢ numbers with exp }» 2°if k Zs.

Suppose by (), we denote that x is to be replaced by s if x exceeds s. Then in
either case the generator with exponent 2° generates

2®s numbers with exp » 2°
Similarly the two other generators generate respectively

2% numbers with exp p 27,
and
2« numbers with exp » 2°

Therefore the three generators generate
26+ + s numbers with exp $ 29,
t.e., there are, for modulus (1 + )%,

h 2+ numbers with exp 3 2%
Similarly there are A
2« + -1 numbers with exp 3 2°77

Hence there are
2(& L T 2(:« R S N |

numbers with exponent 2* for modulus (1 4 7).
This result clearly holds good when one or two of the «’s is absent, as is the case
when \ is less than 5.
(xxii.) The number of numbers, for modulus m, each of which has as exponent some
power of a prime p, p being a divisor of ® (m).
Let
m = (1 42) PPy, . QQg™ . .

where P, P,, . . . are pure primes and Q,, Q,, . . . are mixed primes.

®(m) =& (1L +1).d(PM). (P ... & (Q") P(Qy") ...
@ (1 4 ) = 29252
where 2%, 2« 29" are the exponents of the generators for mod (1 4+ )%, and suppose

that
&d (Pl)\l) — P]2()\1-—1) (Pl2 — 1) — 2K1_29llqml .

® (Py%) = Py (P — 1) = 2oplg™ .
&e. &e.
MDCCCXCIIT.—A. 2 0
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With regard to these we shall follow a convention which will be useful in simpli-
fying the next proposition.

Firstly, we write 29292% and not 2%*%'*x"  Thus the value of (S«k), will be
(ko4 x) + 1" + w1y + ... )y and not (g + xy + k)" + o+ xg+ .00 )

Secondly, in 2“phg™ . . . occurs the prime P, raised to the power 2 (\; — 1).

We shall suppose it written Py%=1, P;8~% and not P;* %= b,

For the rest of the principal factors no such arrangement is necessary.

Let

()] (QIM) — 2K1/pll]’qlﬁlzll .
)] (Qgﬂz) p— zﬂcz’Z»?llg’lez' .
&e. &e.

As in (22) the number of numbers which have some power of p as exponent is the
product of the number of such numbers for each separate modulus (1 4 7), Pi™, &e.

Now the number of numbers for mod P, is the power of p in & (P;")

» ”» ’ Py . » @ (P,) »Prop. (xxi).
29 23 LR le 2 39 @ (le)..
&e.

Hence the number of numbers with exponent a power of p is p*®.

In particular the number of numbers with exponent a power of 2 is 2%®,

(xxiii.) The number of numbers having a given exponent p° for modalus m, p* being
a divisor of the greatest exponent.

Any such number has a power of p or unity for its exponent for each of the moduli
(1 4 4), PNy ... &e., and the greatest power of p among these exponents must be p*.

As in (23) the number of numbers, modulus P, which have as exponent a power
of p not greater than p* is (if P, is not p) p®*.

In the particular case when P, is the prime p, if

A, — 1 is s there are p% numbers, mod P, with exp a power of p B p*
and if

A\, — 11is < s thereare p*™ ="

ER 2 2

In either case the number ig p® =1 +a="b,

Now we have arranged that in ® (P ™) the power of P, (p in this case) shall be
written pph, and not p*™ : thereby we easily express the number of numbers with
exponent a power of p P p° for modulus P, which is p®p® or p®*+4 but which
is not p@k,

For modulus Q, the number of numbers with exponent a power of p $ p°is p™™

Multiplying these numbers we get p®» as the number of numbers with exponent

a power of p » p
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Hence the number of numbers with exponent p* modulus m is
p(zt)g _ p(zos_“..
Example—Mod 3% (3 4 2¢). The greatest exponent is the L.C.M. of 32(8% — 1)
and 12, = 72.

We will find how many numbers bave exponent 8% and how many numbers have
exponent 3.

@ (3%) = 2%, 3. 32,
® (3 4 27) = 2°. 3.

The number of numbers with exponent 8% is

S@+2+1s . gE+2+1n
= 3% — 33,
The number of numbers with exponent 3'is

8@+2+ 1

=3 — L
Hence
35 — 8% numbers have exp 32]
3* — 1 numbers have.exp 8. l
and

1 number has exp 1. JI

(xxiiie.) By writing @ (1 4¢)*in the form 2%2%2%" we are enabled to apply
exactly the same method to this case as we have to the case of any odd prime p. The
result we obtain is that the number of numbers with exponent 2¢ for mod m is

2(21()3 — Z(EK)S,_ l.

Example.—Mod 12 + 41 = ¢ (1 + 2)° (1 4+ 2¢). - Highest exponent = 2% @ (m)=2°.
®(14P =22.2.2
@ (1 + 2) = 22

The number of numbers with exponent 2°

— QQFLH1+2, =~ Q+1+1+2
= 20 — 9t
20 2
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The number of numbers with exponent 2
= QRFI+1+2
= ot 1,

Thus there are
26 — 2% numbers with exp 4.

2t —1 ) 29 2.
1 . » 1.

Corollary to xxiii. and xxiiie.—The number of numbers that belong to any
exponent is simply the product of the number of numbers that belong to each of its
principal factors as exponents.

Thus, for mod m, the number of numbers with exp ¢t = p*¢” . . . is

I:J,pfﬁl)s — p(ﬁl)s__l:l [q(zm>,, — q(zm)JW 1] .
Ewample—Mod (1 + i)F . 8 (3 + 2i) (4 + 1) = — 1. 72 (10 + 11).

O (1 4 ¢)f = 2. 2% 2%
P (3%) = 2% 3. 3.
D (3 + 21) = 2% 3.
o (4 + 1) = 2%

The highest exponent is 2% 3%,

@ (m) = 214 35
The numbers « are 1. 2. 2. 8. 2. 4.

(Zk), = 14,

(Zk); = 13,

(Bk), = 11,

(EK)l = 6,

(Zk)y = 0.

Therefore
2% — 213 numbers have exp 24,

13 1 3
2 — 2! 39 9 ) 2 3

2
” 2 25 2 )

26 —1 I 3] 25 2.

oLl ... 96

The numbers { for the prime 3 are 1. 1. 1.
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(=), = 3,
(20), =0,

therefore 8% — 1 numbers have exp 3.
From these we deduce that

(3% — 1) (2" — 2'%) numbers have exp 3. 2%
(85 —1)(2® —21) y » o 8. 23
Fon@Ei-® L, 8
(8% —1)(28 — 1) ) s » 8.2

Including 1 which has exponent 1, this makes the complete set of 214, 33 numbers.
(xxiv.) A special set of generators which generate the ® (m) numbers, modulus m.

m=(1+ifPr. .. Qm..

Three numbers ¢, ¢, ¢”, generate the residues for modulus (1 + 7). (Propositions
xiii. and xvi.) Two numbers g, f;, generate the residues for modulus P (Pro-
position xiia.), &e. One number g'; generates the residues for modulus Q». (Pro-
position xii.), &ec.

Suppose any number ¢ modulus m is

= ay[mod (1 4 )]

= a, (mod P ™),
&e.

=a’; (mod Q;"),

&e.
Then

a=aéy+ a6+ ...+ & + ... (modm). (Proposition xix.)

If now '
o = oo [mod (1 + i)
a; = g,y (mod Py),
&e.
oy =9¢ " (mod Q,*),
&e.
Thus

a = ¢ "N, + g fré + o 9+ .. (mod m)
=&+ o+ .+ &+ PG EE T
[¢"&+&a+ ... +&+ . T [E+nb+. .. +E+. ]
Go+A6+. P G+ &+ +90E8 4+ .. .. (mod m)
(=D& +1T[(¢ =D&+ 1 [(¢" — )&+ 1T [(n — 1) & + 1]
[(A—1 4+ 15 (g — 1) + 1. . . (mod m),

Ii
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where the numbers in the square brackets are a set of generators whose exponents
are, in order, iy, «'g, K, PN (P2 — 1), PPML .. @ (Q™) . . . whose product is equal
to @ (m).

Ezxample.~Mod 10 = — (1 4 2)* (2 4 2) (1 4 )

¢ with exp 2 generates the 2 numbers mod (1 4 2)
2 2 4 29 4: 23 2 + i
2 99 4 29 4 29 1 + 24,

Hence the following will generate the ® (10) = 82 numbers, mod 10, viz.,

6+ b+ &
£+ 26+ & »mod 10,
' 51 ~+ gg + 253
where
£=5 &=8+461 & =8+ 4. (See Example, Proposition xix,)
5id+ 846 4+ 844i =645
5 +2(8+6i) + 84 4i =9+ 6/ “(mod 10).
54 8460 +2(844)=9+4
Hence

9 + 40 with exp 4
9 4 61 ’ 4 »generate the 32 residues.
645 , 2 |

The indices corresponding to each of the 32 numbers are given in the following
table.

Indices of [ Indices of
Numbers. [ Numbers.
6+5. | 9461 | 9+ 4a. | 64540 | 9460 | 9+ 4.
1 0 0 0 6 -+ 52 1 0 0
94 ds 0 0 1 4+ 99 1 0 1
5+ 24 0 0 2 77 1 0 2
7+ 8 0 0 3 24 3¢ 1 0 3
9 4 62 0 1 0 44+ 7 1 1 0
7 0 1 1 2 4 5 1 1 1
3+ & 0 1 2 8 4 3¢ 1 1 2
5+ 4e 0 1 3 9 1 1 3
54+ & 0 2 0 3 1 2 0
3+ 2 0 2 1 8+ 74 1 2 1
9 0 2 2 4+ 51 1 2 2
1+ 62 0 2 3 6+ 1 1 2 3
7+ 2 0 3 0 247 1 3 0
5+ 6¢ 0 3 1 7 1 3 1
1 + 42 0 3 2 6+ 97 1 3 2
3 0 3 3 8 + b1 1 3 3

E.q., 6 4 i =(6 + 57) (9 4 60)2 (9 4 44)* (mod 10).


http://rsta.royalsocietypublishing.org/

N
I \

a
A A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A

%

S

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

FOR ANY COMPOSITE MODULUS, REAL OR COMPLEX. 287

(xxv.) Proposition (25) is completely applicable to the case of complex numbers
and moduli. The result arrived at we may .re-state as follows :—The most general
set of numbers which generate the ® () residues for modulus m must always he con-
structed in this manner, viz., we must form

a set of p-power-exponent generators
P, q, - . . being the prime

a set of g-power-exponent generators factors of ® (m)

&e. &e.

each generator must then be formed by taking numbers from these sets, not more
than one from each, and forming their product. Each number, moreover, in these
subsidiary sets is to appear once and once only as a factor of one of the generators
that are thus formed.

It remains to investigate the most general mode of formation of a set of p-power-
exponent generators.

(xxvi.) The proof of Proposition (26) holds good for complex numbers and moduli.
It shows that the exponents of any set of p-power-exponent generators must be the
same set of powers of p as those which occur in the @’s of the principal factors of m ;
i.e., they are what have been denoted by p4, p, ... p, p*; . . (see Proposition xxii.,
in which the convention stated must be strictly attended to). The convention of
Proposition xxii. makes the treatment of the 2-power-exponent numbers uniform
with that of the p-power-exponent numbers; hence the same result is true for the
2-power-exponent numbers, viz., that the exponents of any set of 2-power-exponent
generators must be 2%, 2+, 2 2%, . 29, .,

The least number of generators for o gwen modulus m.

As in (26) we see that the least number of generators is equal to the numbu of
terms of that row which contains most among the following :—

’ 24 / ’
Ky Ko Ko Ky Ky.oo K) Kg.
’ ’
ll l2 e e 0 ll Zz .
’ ’ ’
my my. .. my my. .
Consider first the set of numbers, «, 'y € k) .. . K. ..

Since P, is an odd prime, therefore
@ (PM) = P00 (P2 — 1)

is even, and therefore «; always occurs.
Similarly in

@ (Q) = (' + B (&' + B — 1)
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a,® + B% is a real odd prime number, and therefore
P (Q")

is even, and therefore ', always occurs.
For the numbers, x, 'y «”, all three occur if

k>4 [m=(1L40<PM. ..QM"...]

two occur if

‘ =4,
one occurs if
k=23,2,1,
none oceur if
k= 0.

Hence, if we denote by n the number of different prime factors, P, P,. .. Q; Q, .
of m (excluding 1 + 4) then the number of terms in the set of numbers x, 'y kg Ky . . .
Ky...18

n-4+3 i k>4,
nd2 if k=4,
nd1 if k=391,
7 if «=0.

These numbers give an inferior limit to the least number of generators. In all but
one exceptional case the least number of generators coincides with these.
Consider next the set of numbers, 7, %, ... 4" L . ..
1," occurs if p divides
@ (PM) = P2&(P}? — 1)
If it divides
| P2 —1

it occurs once. If it is identical with P, then it occurs twice (/, =\, — 1), and the
set of numbers would be written 4, {, I, . . . I, L, . . .
I, occurs if p divides

O (Q).

Therefore the number of terms in the set exceeds n (and is equal to n 4+ 1) only
when m is such that

D (Q), ®(Q), ... & (PP), & (PM). ..

are all divisible by p and also one of the primes, P,, P,, . . . is equal to p.
If this be the case when «x = 0 the least number of generators is n 4 1.
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The result may be stated thus :—
If n be the number of different prime factors of m = (1 4+ ¢)*P)M ... Q...
excluding (1 + 1), then the least number of generators is

n-+4 8if k > 4,
w4 2if k=4,
n+1ifk=238,21,
n if k=0,

unless one of the primes P divides P> — 1, P> — 1,. .. and ®(Q), ® (Qg*), . . . in
which case it is 7 4 1.
(xxvii.) The formation of a set of unitary p-power-exponent generators for mod .
Let a be any p-power-exponent number, and

a =l + € F by + ..+ E )+ 0+ ... (mod m).

Then «, @, oy, ...a, ... must each have as exponent, for its own modulus,
either unity or a power of p.
Suppose first that p is not = 2, but an odd (real) prime.
Take
v, with exp p" (mod P4),
N (mOd Pz)”),
&e., &e.,

if in any case p is not a factor of ® (P*) vy is = 1.

If for one of these, say P,, p = P,, then take also 8, with exponent p", modulus
PM, as in Proposition xii., so that 8; and v,, each with exponent /, = A, — 1, generate
all the p-power-exponent numbers, modulus P,*.

Take also
y'1 with exp p”, mod Q,*,
4 ZI
72 EX) EE) 29 23 b2 :2”29
&e., &e.

Then we have
oy =1 [mod (1 + 2)<],
o, = y"B (mod PM),
a2 = ‘)/21.2 (mOd Pz)‘a),
&e., &e.,
o'y =9\" (mod Q,*),
o'y = 7y (mod Qy*),

&e.,
MDCCOXCIIL.—A. 2r

and can put
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and so
a=[y,=DEFPIB—DE+ T (ya-D)E+ 1T
[y, — D) E F 1T (Yo — 1) €+ 11+ .. (mod m).

The quantities in the brackets we shall denote by 995 . . . g.. Iach is congruent
to unity for all but one of the principal factors of m as moduli. Their exponents are
the exponents of any set of p-power-exponent generators (Proposition xxvi.), viz,
PPt

Next let p = 2.

Then take ¢, ¢, ¢”, generators for mod (1 4 ¢)*

y, a number with exp 2% (mod P M),

&e. &e.
¥’y a number with exp 2" (mod Q "),
&e. &e.

Then
o = /7" [mod (1 + )]
o =y, (mod Py),
&e.,
o'y = ¥, (mod Q")

&e.
and, therefore,

Q= [(6— 1) &+ 1[0 = 1) &+ 17 [# = 1) &+ 1V [ = D &+ 17
[(yy — 1) & 4 1] . .. (mod m),

and the numbers in brackets are unitary generators of the numbers, modulus m, with
exponent powers of 2.

Each is congruent to unity for all but one of the principal factors of m, and their
exponents are 2% 2 2 29 9% 29 2% |,

Thus, in either case, whether p is an odd prime or equal to 2, we can form a set of
p-power-exponent generators (having the exponents found to be necessary in
Proposition xxvi.), such that each is congruent to unity for all but one of the principal
factors of m [(1 4 2), P)M, ... Q.. .] as moduli.

(xxvili-xxx1.) Propositions 28-30 are concerned with a discussion of the most
general mode of formation of a set of p-power-exponent gemerators. They are
throughout completely applicable to the case of complex numbers and moduli.  The
result we may state as follows. Let ¢, g5, . . . ¢, be a set of unitary p-power-exponent
generators.

Then I'y Ty . . . T, (with the same set of powers of p as exponents) as given by
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Dy =gy™ g9 g5% . . . g» 1,

112 E ((/1“2 92222 93732 e gM'ZIJ,:! ’k (l » ]
- (mod m)

4 ; : ) |
_— UM 1y -y 7 Y
FM—-gll gzzM‘(/Ss“"'gMM#J

will be independent generators provided that the determinants formed by the
indices 7,

(?:u+] w+]1 ¢ ib(}) :

(211 a9 + + + %a W'
I, .
+ are all prime to p.
|
|

The indices ¢ which occur in any one of these determinants, are those which occur
as indices of generators ¢ all with the same exponent ; the generators I, in which they
occur, having also this same exponent.

The summary of Proposition (31) is also true of generators for complex moduli.

(xxxil. and xxxiil.) With one modification, Propositions (22) and (23) hold good for
complex numbers and primes. '

If.in

ax* = b (mod m)
a and m have G.C.M «, then

a b m
St =~ <mod >
K

K K
Each solution, x, of the second congruence gives N (k) solutions of the first, viz., all the

n . . . . .
numbers x 4 s —, where s is any one of the N (k) incongruent residues for modulus «.
K

The solutions of the congruences which follow are intended as examples of these
propositions and also as illustrations of the Tables placed in the Appendix.
Example 1.
7a® = 3 (mod 4 4+ 24¢),
From the tables
@ @

3 =(3.0)

7 = (1. 0),
therefore

#*= (2. 0),
therefore

r = (2 0)

2 =9 (mod 4 4+ 2¢).
2P 2
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Faxample 2.
(24 ¢)a®= 8 4 2¢ (mod 9).
From the tables
@

3 4 20 = (22. 0)

2+1¢ =(10),
therefore
o = (21. 0),
therefore, if
x = (a. b),
3a =21 (mod 24),
therefore
=7, 15, 23 (mod 24)
30 =0 (mod 3),
therefore

b=0,1,2 (mod 3).
There are thus nine solutions, viz. :
(7.0)=147  (15.0)=7+7 (23.0)=4+ 7t
(7. )=1+ 4 (15. N=7 4 4 (23. 1) =44 44
(7.2)=141¢  (15.2)=7+1¢ (23.2)=4 +4
Example 3.

3u* = 3 + 22 (mod 10).
From the tables

@ @ @
34 20=(L. 2.0)
3 =(3.3.0),
therefore
x¥=(2. 3. 0),
and therefore
x =(2.1.0)
@ =3 -+ 8.
Example 4.
83 = 3 4 2¢ (mod 30 4 20¢),
and so ‘
B
3 E’)——l:~27, =1 (mod 10).
Let
€= (34 )&
Then

3 (3 4+ 2:1)? £ =1 (mod 10)
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Now
@) @) @
84 20 =(1. 2. 0),
therefore
(8 4+ 2= (2. 0. 0);
also
3=(3. 3. 0),
therefore
3(3 + 20)*= (1. 8. 0),
therefore
£=(3.1.0),
therefore, if
E=(a. b. ¢)

3a=3(mod 4))a=1

3bEl(mod 4) b=—=23

8¢=0(mod 2) Jc=0

£=(1.3.0)
=5 + 61 (mod 10),
and therefore
x=(8 4 2¢) (5 + 61) (mod 10 3 + 2¢)
=34 28

=103 4 8¢ (mod 10. 3 + 27).

Example 5.
45 = 14 + 77 (mod 15 4 104).

This is
45 =7 (2 4 ¢)(mod 2 + & 1 + 2. 3 + 2i),
therefore _
Px° —
42+i:7(1n0d8+ 1).
Let : ‘
x=(2+1)&
Then

4(2 + i) =7 (mod 8 + i).

From the tables
az @

. 7 =(11. 2),
(2 4 ) =59 (mod 8 + 2),
= (11. 8),
therefore

(2 4+ 0)*=(8. 0),
4=(2.0),
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therefore
(2 + 7). 4 =(10. 0),
therefore
&E=(1 2),
therefore, if
£=(a b),

50 =1(mod 12), « =3,
50 =2 (mod 4), b=2,
¢§=(5. 2),
= 58 (mod 8 + 7).

=58 (2 + ¢)(mod 15 4 107)
=14 3.
Hxample 6. '
247 = 26 + 32i (mod 40),
and therefore ’
x? =13 + 167 (mod 20).

Each solution of the latter gives four of the former, viz.,
®, ®+ 20, x4 20¢, x4 20 4 20s (mod 40).

The congruence is

@ = — (1 4 20)2 (4 4 4) [mod (1 4+ 9)% (2 +0). (1 + 20)],

therefore
L 5= (14 20) (4 +9) [mod (1 + 9% (2 +19)]
Let
= (1 + 2¢) € (mod 20).
Then

(14 20) = — i (L + 20) (4 + ¢) [mod (1 + 2)* (2 + 2)],
and therefore
£ =—1.(4 +7)(mod 8 + 47),
=1 — 4i(mod 8 + 45),
£ =9 (mod 8 + 42).
From the tables

(4) 4 ()

9=(2. 0. 0),
and therefore
£=(2. 0. 0).


http://rsta.royalsocietypublishing.org/

A
A
A
) N

[~

A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

L\

[~y

/J
A

\

a

a ¥

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

FOR ANY COMPOSITE MODULUS, REAL OR COMPLEX. 295

This gives eight solutions

e
Ii

wo

Il
N SN TN SN AN N SN~
h —
KN o o e 2
; —
N N N N N N S N
Il
—
+
[\)
‘_N

i

-
.

il

w

Il

i

il

—

I

1

I

Hence there are eight solutions of the congruence

x* =13 4+ 16¢ (mod 20),
viz.,
T4 17440 T 14 17 4144
3 4 62 134 62 3+ 162 13 4 162

and hence there are 32 solutions of the congruence

2% = 26 + 32¢ (mod 40),

viz., .
T4 4 174 4 74140 174 144
97 4+ 4i 8T+ 4i 27414 3T+ 144
7+ 240 17 + 24¢ 74+ 344 17+ 340
27 4 24¢ 37 + 242 27 + 342 37 4 34
34+ 60 13 4+ 62 3+ 16¢ 13+16i
23 4+ 62 33 4+ 67 23 4 162 33+ 16¢
34260 13 4 26¢ 3486 18+ 360
23 4 26¢ 33 - 26¢ 23 -+ 86¢ 33 4 361
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APPENDIX.

TaABLES OoF INDICES FOR ALL MopurLli wHOSE NORMS DO NOT EXCEED 100,
Description of Tables.

The following Appendix contains Tables of Indices for all the moduli whose norms
do not exceed 100. For each modulus two tables are given: the first arranged so as
to show readily the number that corresponds to given indices, the second to show
what indices correspond to a given number. At the foot of any column, or the end
of any row in which indices are tabulated, is placed in a bracket the exponent of the
generator to which those indices refer. With each table are noted the formulse
necessary for finding to which of the numbers in the table any given number is
congruent. There are also given for convenience the prime factors of the modulus,
the norm, the highest exponent, the value of @ expressed in factors which show the
exponents of the generators, and the generators used in the table. All these will be
found collected in the reference table next following. In this are also noted, for
each modulus, the least possible number of generators and the values of the numbers
€ of Proposition xix. FE.g., for the modulus 5 4+ 5¢ we read thus :—

545=—i(14d) @2+ (1 +2), N(545)=50, &(5+5)=16=222"

Highest exponent = 4. Least number of generators = 2, those used in the table
being 4 -+ ¢ and 9 + 47,

Also if
a = oy (mod 1 + 1)
= a, (mod 2 4+ 7)
= o, (mod 1 + 21)
then

@ = 5ug + (3 + i) ay + (8 4 49) a, (mod 5 -+ 50).
The reducing formulee (see preface, Part I1.) are

y =Y (mod 5),
r=X4+Y — y(mod 10).

The tables of indices for powers of 1 + ¢ as moduli, up to (1 4 %)%, are placed at
the end.
[The tables have been calculated with some care, but they have not been revised. ]
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FOR ANY COMPOSITE MODULUS, REAL OR COMPLEX.
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FOR ANY COMPOSITE MODULUS, REAL OR COMPLEX. 299

m=2+¢ N@m)=5 &(m)=4=2" HE=4 2=X4 3Y (mod}?).
14+2 Nm)=5 o(m)=4=2° HE=4 a=X+ 2Y (mod?).

w

Generator 2.

m=3 Nm)=9 &(m=8=2" HE=8 z=X(mod3) y=Y (mod 3).

Generator 1 + .

0 1 6

1 1+3 27 2

2 27 1 0

3 14+ 2 1+¢ 1

4 2 142 3

5 24 2¢ 2 4

6 ) 2+ 7

7 2+ 242 5

5 ey
m=38+4+i =—1(l+¢)(1+2) N(@m=10 &(m)=4=2" HE=4

=X + 7Y (mod 10).

m=1-4 31 = L4247 Nm=10 o¢(m)=4=2" HE=4

=X 4 3Y (mod 10).

Generator 3.

Nl 3 9o 7 1

Il 1T 2 3 0 | @

2Q 2
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300 MR. G. T. BENNETT ON THE RESIDUES OF POWERS OF NUMBERS

m=3+2 N(m)=13 d(m)=12=2.3 HE=12 ==X+ 5Y (mod 13).
m=2+4+3 N(@m) =13 d(m)=12=2-3 H.E =12 =X+ 8Y (mod 13).

Generator 2.

|
Ifo 1 2 3 4 5 6 7 8 9 10 11 (12

1o 1 4 2 9 5 11 3 8 10 7 6 |12

m=4+1 N(m)=17 ®(m)=16=2"* HE=16 x=X 4 13Y (mod 17).
m=1+4 N(m)=17 &o(m)=16=2" H.E=16 z=X 4 4Y (mod 17).

Generator 3.

r o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 | (16)

N1 3 9 10 13 5 1 11 16 14 8 7 4 12 2 6

)0 14 1 12 5 15 11 10 2 3 7 13 4 9 6 8 (16)

m=3+3=(1+17)8 N@m)=18 o(m)=8=2" HE=8 y=Y (mod 3)
=X+ 3(Y — y) (mod 6).
Generator 1 4 2.

!
0 1 i 9
1 142¢ 1 0
2 i L+2i 1
3 dti 244 5
4 5 3424 6
5 244 dt-i 3
6 3421 5 4
7 542 542 7
8 ®)
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FOR ANY COMPOSITE MODULUS, REAL OR COMPLEX. 301
m=4+21=—¢(14+0P(24+¢ N(m=20 &(m)=8=2.2" H E =4
Y=Y (mod 2) =X+ 3(Y - y) (mod 10).

(lenerators 7, 8 -+ 1.
0 0 1 i’ 3 1
0 1 844 1 0 0
1 0 7 3 3 0
1 1 447 444 1 1
2 0 9 6+ 2 1
2 1 6+47¢ 7 1 0
3 0 3 8+ 0 1
3 1 ) 9 2 0
CYNNC) @ (@
m=2+4i=—1(14+2214+2) N(m)=20 &(m)=8=2.2> H E =4

y=Y(mod 2) 2=X+7(Y — y) (mod 10).
Generators 7, 4 + .

0 0 1 i 11
0 1 dti 1 0 0
1 0 7 241 2 1
1 1 i 3 30
2 0 9 doti 0 1
2 1 2 +4 6414 3 1
30 3 7 1 0
3 1 6+ 9 2 0

@ @ #® @

m=5=—1(24+10)(1+2) N@m)=25 ®(m)=16=2%2" H E =4

=X (mod5) y=Y (mod5).
Generators 4 + 7, 4 + 4«

|

0 0 1 ) 3 1
0 1 4 +4d 27 0 2
0 2 20 37 2 0
0 3 2+ 3¢ 44 1 3
1 0 4+ 1 0 0
1 1 2 1+72 2 3
1 2 3+3¢ 1444 3 2
1 3 44 2 1 1
2 0 37 242 3 0
2 1 3+2¢ 2+3¢ 0 a
2 2 4 3 3 3
2 3 1+ 3424 2 1
3 0 24 2¢ 3+37 1 2
3 1 ) 4 2 2
3 2 144 4+ 1 0
3 3 3 i 0 1

(CONNCY;
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203 MR. G. T. BENNETT ON THE RESIDUES OF POWERS OF NUMBERS
m=44+3=—1(142)P N(m=25 ®dm)=20=2%5 H E =20
x=X 4+ 7Y (mod 25).

m=38 4 41 = (24 7 N(@m)=256 &(m)=20=2%5 H. E =20
x=X + 18Y (mod 25).

Generator 2.

I {0123 45 67 8 9 10 11 12 13 14 15 16 17 18 19 | (20)

N| 12 48 16 7 14 3 6 12 24 23 21 17 9 18 11 22 19 13

N| 12 3 46 7 8 9 11 12 13 14 16 17 18 19 21 22 23 24

I o177 285 3 14 16 ¢ 19 6 4 13 15 18 12 17 11 10 | (20)

m=5+ 1=—4i(l42)(2+3) N(m)=26 &(m)=12=2%3 HE =12
=X+ 21Y (mod 26).

m=1-+ 5= (I49)(B+2) N(m)=26 ®m)=12=2%.3 H.E
©=X 4 5Y (mod 26).

i

12

(enerator 7,

I o 1t 2 3 4 5 6 7 8 9 10 11 | (12)

N|1 3 5 7 9 11 15 17 19 21 23 25

I'90 8 3 1 4 5 11 10 7 9 2 6 |12
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FOR ANY COMPOSITE MODULUS, REAL OR COMPLEX. 303

m=>5+2 N(m)=29 &(m)=28=2%7 H.E =28 z=X+ 12Y (mod 29).
m=2+45 N(m)=29 ®(m)=28=2.7 H.E =28 ==X+ 17Y (mod 29).

Generator 2.

I 0 1 2 3 4 5 6 7 8 9 10 11 12 13 | (28)

Il 14 15 16 17 18 19 20 21 22 23 24 25 26 27 | (28)

I 0 1 b) 2 22 6 12 3 10 23 25 7 18 13 | (28)

N| 15 16 17 18 19 20 21 22 23 24 25 26 27 28

I 27 4 21 11 9 24 17 26 20 8 J6 19 15 14 | (28)

m=5+43=—i(1l+¢)(1+4) N@m)=34 d(m)=16=2* H.E =16
=X+ 21Y (mod 34).

m=3+5i= (I+i(4+i) N@m=34 d(m)=16=2¢ H.E =16
=X + 13Y (mod 34).

Generator 3.

ryo 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 | (16)

N 1 3 9 27 13 5 15 11 33 381 23 7 21 29 19 23

N| 1 3 5 7 9 11 13 15 19 21 23 25 27 29 31 33

—
S
—
(14

11 2 7 4 6 14 12 15 10 3 13 9 8 ! (16)
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—1(14+14>%3 N(m)=36 &(m)=16=2.

x =X (mod 6)

y =Y (mod 6).

Generators 1 4 47, 4 4+ 3.

NN UTUERE B WWNOND OO

HOMFEOMOMFOMOMOMO~O

4+ 3¢
1444
441
3+2¢

54
1427
4451

2431
542¢
2457
3+4d

7
S+4a
244

23

1

7
5t

1424
1444
241

2430
2454
3420
344a

4+

44+ 37
4+5¢

5
542
5+4q

U WO NUTEIHWONDD

COO = HmE OOHMFRR OO O m -

Generator 2.

®(m)=36=2%3" H.E =36
®(m) =386 =2% 3> H.E. =36

(8)

(2)

OF NUMBERS

H.E. =38

=X + 31Y (mod 37).
t=X 4 6Y (mod 37).

A

/

/,

AL

THE ROYAL /
SOCIETY

OF

PHILOSOPHICAL
TRANSACTIONS

0 2 4 5 6 10 11 12 13 14 15 16 17
1 4 16 32 27 25 13 26 15 30 23 9 18
18 20 22 23 24 28 29 30 31 32 33 34 35
36 33 21 5 10 12 24 11 22 7 14 28 19
1 3 5 6 7 11 12 13 14 15 16 17 18
0 26 2 23 27 32 30 28 11 33 13 4 7 17
19 21 23 24 25 29 30 31 32 33 34 35 36
35 22 15 29 10 21 14 9 5 20 8 19 18

(36)

(36)

(36)

(36)
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FOR ANY COMPOSITE MODULUS, REAL OR COMPLEX. 305

m=0+2i=—(149P (1+4+2) Nm)=40 d(m)=16=2%2" HE =4

y=Y(mod2) z=X+4 7(Y — ) (mod 20).

WWWW N NN - —O OO O
WNHOWNRNHEOWNNHOWN O

19
6+1

1444
17
1244

16+
11
1041

244
13

4ti

(CYRNC)

m=246i=—i(l+if@+i) N (@m)=40

Generators 3, 7.

0 1
0 0
3 1
1 0
303
(I
20
2 0
2 3
2 2
13
32
I 1
2 1
12
0 2
) @

®(m)=16=2%2 H.E =4

y=Y (mod 2) =X+ 13 (Y — y) (mod 20).

Generators 3, 14 + <.

LWWWWRONNON R~ =—OOOO
WROHOWNDHOWNRNROWN O

144+
19

841
17
641

1044
11
4+

16+
13

. 18414

W @

MDCCCXCIIL.—A.

2R

442
647

841

1041
11
13
1447
16+
17
1844
19

0o 3
0 0
1 0
2 3
13
3.0
11
2 0
2 1
2 2
32
0 1
3 1
1 2
3 3
0 2
) @
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306 MR. G. T, BENNETT ON THE RESIDUES OF POWERS OF NUMBERS

m=>5-+44r N(m)=41 ®(m)=40=2%5 HE =40 a=X4+9Y (mod 41).

=445 N(m)=41 &(m)=40=2%5 ILE =40 =X+ 32Y (mod 41).

Generator 6.

N| 1 6 36 11 25 27 39 20 10 19 32 28 4 24 21 3 18 26 33 34 | (40)

120 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 386 37 38 39

N|i40 35 5 30 16 14 2 12 381 22 9 13 387 17 20 38 23 15 8 7 |(40)

Nl 02 15 12 22 1 39 33 30 8 3 27 31 25 387 24 33 16 9 34 |(40)

N|l14 29 36 13 4 17 5 11 7 23 28 10 18 19 21 2 382 35 6 20 |(40)
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FOR ANY COMPOSITE MODULUS, REAL OR COMPLEX. 307

m=6-+31=(2+4+1¢8 N(m)=45 @ (m) =32 =2% 23

HE=8 y=Y(mod3) ax=X+43(Y—y)(mod 15).

Generators 1 4 4, 1.

o
~ 0 0 1 i 0 1
__J 8 3 » i 2; 2 0
p 1 6 0
§ ' 0 3 6426 144 1 0
ol 10 141 1+2¢ 5 1
M 1 1 14+ 2 2 3
— 1 2 5+2; 2+42¢ 3 3
Eg é 3 742 3+14 6 0
0 24 3420 6 2
=w 2 1 13 4 4 2
o 2 2 6+1 4+4 3 1
<z 2 3 2 544 5 3
Yo 3 0 13+2: 5424 1 2
== 3 1 dtq ' 6+¢ 2 2
% IR’ e
w(n v .
Oz 4 0 11 7+2 1 3
== 4 1 12+2¢ 8 6 1
oy 4 2 4 8+ 3 2
4 3 941 8+2¢ 5 0
5 0 8+24 9+1 4 3
5 1 1424 1044 7 3
5 2 1347 104+2¢ 72
5 3 544 11 4 0
6 0 3+4 1144 7 0
6 1 8 11420 71
6 2 342¢ 12424 4 1
6 3 7 13 2 1
70 1144 13414 5 2
71 11+2: 13+2¢ 3 0
72 10+2i 14 0 2
78 10+ 1441 1 1
_ P
f\\“ﬂ 8) (4) ® @
<
—
O H
e
= O
L O
f=w

PHILOSOPHICAL
TRANSACTIONS
OF
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308 MR. G. T. BENNETT ON THE RESIDUES OF POWERS OF NUMBERS

m=3+6=(1+42)3 N(m)=45 @ (m)=32=2%2°

H E=8 y=Y(@mod3) x=X+412(Y —y) (mod 15).

Generators 10 4 27, 9 4 2.

o 0 1 i 0 3
O 1 | 942 | 2 2 2
0o 2 14 , ' 1 )
0 3 | i 144 1 3
1 0 10+2 e 2 3
11 8+2i 24 5 0
L2 144 L 24 3 2
1 3 144 < 3421 4 3
2 0 94i | 4 42
2 1 13 d4i 72
9 9 24 L 449 703
2 3 2 | 544 71
30 74 | 5424 70
3 1 1342 L 644 4 1
3 2 24+2i 7 6 3
3 3 1147 7+ 3 0
4 0 11 7+ 2 5 2
4 1 641 8 6 1
4 2 4 | 842 11
43 3+2 944 2 0
5 0 o047 9+2; 0 1
5 1 10+¢ 1044 5 1
509 T2 | 10424 1 0
5 3 14420 | 11 40
6 0 1242 | 1144 3 3
6 1 8 | 1244 6 2
6 2 1240 1242 6 0
6 3 7 | 13 2 1
70 5420 | 1342 3 1
71 541 14 0 2
79 ati | 1444 1 2
78 | 4420 14425 5 3
| ! f
3 &) ® @
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FOR ANY COMPOSITE MODULUS, REAL OF COMPLEX,

m=7 N(7)=49 ®(7)=48 =243, H. K =48 ==X (mod7)

y=Y (mod 7).
Generator 2 4 <.

0 1 24 6

1 241 25 5+67
2 3+4q 26 443
3 2+44a 27 5+3¢
4 3 28 4q
5 4+6¢ 29 341
6 2424 30 5+5¢
7 2469 31 541
8 5 32 2

9 3451 33 4427
10 1467 34 6+
11 3467 35 441
12 i 36 6
13 6+27 37 1454
14 3+3¢ 38 4+47
15 3+2 39 4+57
16 4 40 3

17 1442 41 6437
18 5+ 21 42 2457
19 1+2¢ 43 6+ 57
20 51 44 20
21 2431 45 S+4a
22 1+74 46 6 -} 6¢
23 1434 47 6+41

(48) (48)
m=741= —¢(1l +1)(2+ 2)

m=14+71=—1(l +

N (m) = 50

x =X 4+ 43Y (mod 50).

© =X+ 7Y (mod 50).

Generator 3.

309
7 3+49 2
2 345 9
3 3+ 62 11
4 4 16
57 444 35
61 4420 33
1 4437 26
1+2¢ 4440 38
14+2¢ 4454 39
1432 4+ 67 5
1L+4 5 8
1-£5¢ S+ 31
1+6¢ 5+ 24 18
2 5431 27
244 5+ 4a 45
2+ 2¢ 5451 30
2431 5461 25
2444 6 24,
245 6+ 34
2467 6422 13
3 6+3¢ 41
341 6+4: 47
3420 6+ 57 43
3+3 6467 46
(48)
®(m) =20 =2%5 H.E =20

1) (14 20 N(m)=50 &(m)=20=2%5 H.E =20

—
<
-
[N
o

4

(W74

10 11 12 13 14

N| 1 3 9 27 31 43

29 37

49 47 41

23 19

17 19

33 37

18 19 | (20)
39 17
47 49

19 14

Ut

1110 | (20)
|
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310 MR. G. T. BENNETT ON THE RESIDUES OF POWERS OF NUMBERS

=54 5= —i(L49) (2401 +2) N(m)=50 &(m)=16=2" 2
HE =4 y=Y(mod5) 2=X+4+Y — y(mod 10).
Generators 4 4 ¢, 9 + 41,

0 0 1 i 301
0 1 9444 3i 2 0
0 2 5420 1 0 0
0 3 243 1444 3002
L o 4+ 2+3i 0 =
11 7 : 303
12 8+3i | 342 2 1
1 3 5+4i dti 1 0
2 0 3¢ 5+2i 0o 2
2 1 342 5 4i 1 3
2 2 9 641 2 3
2 3 6+ 7 11
3.0 742 7+2i 30
31 i 8+3i 12
32 1444 9 2 2
303 3 9-+4i 0 1
CRNC)) CORNC)

m=0-+4r=—0(1 4B+ 2) N(m)=52 d(m)=24=22%3 H.E. =12
y=Y (mod 2) =X+ 5(Y —#) (mod 26).
Generators 15, 22 -+ <.

|
0 0 1 5 i 9 1
0 1 2244 | 1 0 0
1 0 15 | L 24y 11 1
1 1 10+4 L8 4 0
2 0 17 ‘ L 4t 8 1
2 1 1244 5 9 0
3 0 21 ( 641 7 1
3 1 16 +4 f 7 11 0
4 0 3 ; 9 8 0
4 1 2U+i 1044 11
5 0 19 11 7 0
5 1 14+4 1244 2 1
6 0 25 [ P 5 1
6 1 2041 15 1 0
70 11 16414 3 1
71 6+ 17 2 0
8 0 9 18+ 10 1
8 1 dti 19 5 0
9 0 5 2047 6 1
9 1 i 21 3 0
100 0 23 29+ 0 1
10 1 18+4 23 10 0
1 0 7 2441 4 1
11 1 244 25 6 0

12 (@ 12) ()
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m=446i=—i(14+iP2+%) Nm=52 d(m=24=22.3 HE =12

. 0

VA\
/) \

/

e
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y=Y (mod 2) ==X+ 21(Y — y) (mod 26).

Generators 15, 6 -+ <.

0 0 1 ) : 1
0 1 6+1 1 0 0
1 0 15 241 10 1
1 1 2041 : 4 0
2 0 17 441 6 1
2 1 2241 5 9 0
3 0 21 641 0 1
3 1 ) 7 11 0
4 0 3 841 4 1
4 1 8+1 9 8 0
5 0 19 1042 9 1
b 1 2441 11 7 0
6 0 25 1247 11 1
6 1 4+ 14+ 8 1
7 0 11 15 1 0
7 1 1644 164-1¢ 7 1
8 0 9 17 2 0
8 1 1442 19 5 0
9 -0 5 2041 1 1
9 1 10+7 21 3 0
10 0 23 29 41 2 1
10 1 244 23 10 0
11 0 7 2441 5 1
11 1 1244 : 25 6 0

12 (2

az (@

m=74+2 N(m)=53 ®(m)=>52=2%13 H. E =52 =X 4 23Y (mod 53).
m=2+7 N(m)=53 &(m)=52=2°13 H. E. =52 =X+ 30Y (mod 53).

Generator 3.

11012 38 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 | (52)
N 1 3 9 27 28 31 40 14 42 20 7 21 10 30 37 5 15 45 29
I 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 (52)
N 34 49 41 17 51 47 35 52 50 44 26 25 22 13 39 11 | 33 46

I| 37 38 39 40 41 42 43 44 45 46 47 48 49 50 51 | (52)
N| 32 43 23 16 48 38 8 24 19 4 12 36 2 6 13
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312  MR. G. T. BENNETT ON THE RESIDUES OF POWERS OF NUMBERS
N1 23 4 5 6 7 89 10 11 12 13 14 15 16 17 18 19
T| 0 49 1 46 15 50 10 43 2 12 34 47 32 7 16 40 22 51 45  (52)
N| 20 21 22 23 24 25 2 27 28 29 30 31 32 33 34 35 36 37 |

z

T| 9 11 31 30 44 80 29 3 4 18 13 5 37 35 19 25 48 14  (52)
:
N| 38 39 40 41 42 43 44 45 46 47 48 49 50 51 52
_ |
|

T! 42 33 6 21 8 38 28 17 36 24 41 20 27 23 26 ‘(52)

m="743==—1(14+1¢)(245) N(m)=058 &(m)=28=2%7 H E =28
x=X 4 17Y (mod 58).

A

Lﬂl

THE ROYAL /
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

m=38 4 71 = (144 (5 4+ 2) N(m)=58 &(m)=28=2%7 H. E =28
=X -+ 41Y (mod 58).
Generator 3.

1 0o 1 2 3 4 w—;w» 76 A 7 “ 8 49 10 i'l 12 13

N 1 3 9 27 23 11 33 41 7 21 &5 15 45 19 (28)
I ~7714 15 16 17 18 19 20 21 22 23 24 25 26 27 —

N | 57 55 49 31 35 47w 25 17 51 37 53 43 13 39 (28)
N 1 3 &5 7 9 11 13 15 17 19 21 23 25 27

I 0 1 10 8 2 5 2 11 21 13 9 4 20 3 | (28)
N | 31 33 35 37 39 41 43 45 47 4«9 51 53 55 57_

I 17 6 18 23 27 7 25 12 1Y 16 22 24 15 14 | (28)
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FOR ANY COMPOSITE MODULUS, REAL OR COMPLEX. 313

m=6+5 N(@m)=6l ®(m)=60=2%3.5 H. E. =60 o=X + 11Y (mod 61).
m=5+6 N(m)=61 &(m)=60=2%3.5 H E =60 z=X+ 50Y (mod 61).

Generator 2.

I/ o0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 | (60)

N|{ 1 2 4 8 16 32 3 6 12 24 48 35 9 18 36 11 22 44 27 54

I] 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 | (60)

N| 47 33 5 10 20 40 19 38 15 30 60 59 57 53 45 29 58 55 49 37

I| 40 41 42 43 44 45 46 47 48 49 50 51 52 53 54 55 56 57 58 59 | (60)

N| 13 26 52 43 25 50 39 17 34 7 14 28 56 51 41 21 42 23 46 31

I|] 0 1 6 2 22 7 49 3 12 23 15 8 40 50 28 4 47 13 26 24 | (60)

N| 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40

I| 55 16 57 9 44 41 18 51 35 29 59 5 2l 48 11 14 39 27 46 25 (60)

I| 54 56 43 17 34 58 20 10 38 45 53 42 33 19 37 52 32 36 31 30 | (60)

MDCCOXCIIL—A, 2 s
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314  MR. G. T. BENNETT ON THE RESIDUES OF POWERS OF NUMBERS

m=8 -4 1

m=1-+ &

m=7 4 41

= —i(14+2)(3+2) N(m)=065 &(m)=48=2% 2% 3
HE. =12 2=X+ 57Y (mod 65).

= (24 )(2+3) N@m)=05 ®(m)=48=2% 23
H E =12 =X+ 8Y (mod 65).

= — (14 20)(2481) N(m)=265 &(m)=48 = 2% 2% 3
H E =12 z=X + 47Y (mod 65).

= 24+ 9)(B4+2) N(m)=65 &(m)=48=2%2%3
H E. =12 x=X4 18Y (mod 65).

Generators 27, 2.

1 1 1 2 2 2 2 3 3 3 3 4 4 4 4 5 5 5 512

12 3 01 2 3 01 2 3 0 1 2 3 0 1 2 3, (4

54 28 41 4 43 56 17 8 21 47 34 16 42 29 3 32 19 58 6

7 7 7 8 8 8 8 9 9 9 910 10 10 10 11 11 11 111 (12)
12 3 0 1 2 3 01 2 3 01 2 3 0 1 2 3 (4

64 38 51 12

11 37 24 61 22 9 48 57 44 18 31 49 23 36 62 33 46 7 59

7 8 911 12 14 16 17 18 19 21 22 23 24 27 28 29 31 32

0 0 3 0

(oM

11

o
[09]
~
<D
<
=
o
Rl
T
w

810 7 0 1 4 9 5 (12)
1 3 2 0 3 2 1 1 113 1 2 2 3 0/ (4

33 34 36 37

38

41 42 43 44 46 47 48 49 51 53 54 56 57 58 59 61 62 63 64

1 310 7
0 3 2 2

6
1

14 2 911 3 810 6 0 1 2 9 511 810 7 6 (12)

31111 2 3 0 2 31 2 0 2 3 0 3 0 0 (4
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FOR ANY .COMPOSITE MODULUS, REAL OR COMPLEX.

m=8+2=—1(14+12%4+:) N(m)=68 &(@m)=32=22"
y=Y (mod 2) =X+ 13(Y — y) (mod 34).

Generators 3, .

0 0 1 i 0 1
0 1 i 1 0 0
1 0 3 244 2 1
11 2641 3 1 0
2 0 9 5 5 0
2 1 241 6+ 10 1
3 0 27 7 110
3 1 32414 8+4 8 1
4 0 13 9 2 0
41 20+ 10+1 111
5 0 5 11 70
5 1 18414 12+4 6 1
6 0 15 13 4 0
6 1 1241 1444 15 1
70 11 15 6 0
7 1 2844 16+1¢ 9 1
8§ 0 33 1841 5 1
g 1 8+1 19 14 0
9 0 31 2047 4 1
9 1 16+ 21 12 0
10 0 25 2244 121
10 1 6+ 23 15 0
11 0 7 24+ 13 1
n 1 1044 25 10 0
12 0 21 26414 11
12 1 2244 27 3 0
13 0 29 28+ 7 1
13 1 24 +1 29 130
14 0 19 30+ 4 1
14 1 30414 31 9 0
B0 23 32414 3 1
15 1 1441 33 8 0
16) (2 (16) - (2)

28 2
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316 MR. G. T. BENNETT ON THE RESIDUES OF POWERS OF NUMBERS

m=2+ 8 =—1t(1l+12°(l+4) N@m)=68 &(m)=32=2 2" H. E =16
y=Y (mod 2) =X 4 21 (Y — y) (mod 34).

Generators 3, 26 -+ 4.

_ 0 0 1 i 8 1
<, 0o 1 26+ 1 0 0
_ 1 0 3 2+4 1mi 1
< 11 18+ 3 1 0
— 2 0 9 dti 6 1
O 2 1 28+ 4 5 5 0
=z = 3 0 27 6414 15 1
— 3 1 24+ 7 0
E @) i (1) 13 8-+ 9 1
1244 9 2 0
— 9, 5 0 5 1044 5 1
=2 AR e |43
L " J
T 70 11 L4414 12 1
&0 71 20414 15 6 0
RLO 8 0 33 164 13 1
oZ g8 1 i 1844 11
=< 9 0 31 19 4 0
ol 9 1 8+ 20414 71
10 25 21 12 0
10 1 32414 22 +4 4 1
110 7 23 15 0
11 2+ 24+ 31
120 21 25 10 0
121 1444 26 +1 0o 1
130 29 ooar 30
13 1 1644 284 2 1
4 0 19 29 13 0
o1 22414 31 9 0
15 0 23 32 + 4 10 1
151 6+ 33 8 0
A ae @ 1e @
> _a
<
-
e
®
=
=0
O
=w

PHILOSOPHICAL
TRANSACTIONS
OF
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FOR ANY COMPOSITE MODULUS, REAL OR COMPLEX. 317

=6+61=—12(14+122.38 N(@m=72 ®&(m)=382=2".2" HE =38
Y=Y (mod 6) =X+ Y — y(mod 12).

Generators 2 + ¢, 7.

, 0 0 1 i 0 1
T 0o 1 i 5¢ 4 1
~ 0 2 11 1 0 0
— 0 3 6+ 5i 1+2 3 1
< 1 0 241 1+44 5 1
> 11 1142 2475 1 0
® : 12 A5 | 2431 g g
13 7o4di 245i
E” 2 0 3+4¢ 3+24 2 2
O 2 1 843 | 3+4d 2 0
L O 2 2 3420 dti 70
=w 2 3 10434 4437 6 1
—n 3 0 8451 4+ 56 1 2
3z 3 1 142 5 4 0
=0 3 2 10+ 5+2¢ 5 3
= 3 3 5+4d 544i 3 3
025 4 0 5 641 4 3
22 A o | g
—d
T 4 3 6+ 7491 7 3
o 5 0 10456 ;+4i é 3
5 1 144 +i
5 2 8+1 8+3i 2 1
5 3 542 8454 3 0
6 0 9424 9+2 6 0
6 1 443 | 9+44 6 2
6 2 9+di | 1044 3 2
6 3 2431 10+3i 2 3
7 0 4+i }(1>+57: g g
71 11+4d
72 2+5i ©1142i 1 1
7 3 742 11444 7 1
q e @ . 8
<//,é\\
<
-
S~
cls
=
= O
= QO
=uwu
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318 MR. G. T. BENNETT ON THE RESIDUES OF POWERS O NUMBERS

m=8-43 N((m)=73 o(m)=72=2%38" H.E =72 =X+ 46Y (mod 73)
m=3+8 N((m)=73 &(m)=72=2.3 HE =72 =X 27Y (mod 73)

Generator 5.

1 O 1 2 8 4 5 6 7 8 9 10 11 12 13 14 15 16 17 | (72)

I] 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 | (72)

N| 27 62 18 17 12 60 8 40 54 51 36 34 24 47 16 7 35 29

Il 36 37 38 39 40 41 42 43 44 45 46 47 48 49 50 51 52 53 | (72)

N 72 68 48 21 32 14 70 58 71 63 23 42 64 28 67 43 69 53

T 54 55 56 57 58 59 60 61 62 63 64 65 66 67 68 69 70 71 | (72)

N | 46 11 55 56 61 13 65 33 19 22 37 39 49 26 57 66 38 44

N 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

1 0 8 6 16 1 14 33 24 12 9 55 22 59 41 7 32 21 20 | (72)

N| 19 20 21 22 23 24 25 26 .27 28 29 30 31 32 33 34 35 36

T'| 62 17 39 63 46 30 2 67 18 49 35 15 11 40 61 29 34 28 | (72)

N | 37 38 39 40 41 42 43 44 45 46 47 48 49 50 51 52 53 54

I| 64 70 65 25 4 47 51 71 13 54 31 38 66 10 27 3 53 26 | (72)

N | 85 56 57 58 59 60 6L 62 63 64 65 66 67 68 69 70 71 72

I 56 57 68 43 5 23 58 19 45 48 60 69 50 37 52 42 44 36 | (72)
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FOR ANY COMPOSITE MODULUS, REAL OR COMPLEX. 319

m=7+4+5=—1(1+14)(1+6) N(m)="74 &(m)=236=2%3" H.E =36
2 =X + 43Y (mod 74)

m=2>5+7= (1+7)(6+¢ N(m)=74 ®(m)=36=2%3" H.E =36

z=X + 31Y (mod 74).

Generator 5.

I/ o 1 2 3 4 &5 6 7 8 9 10 11 12 13 14 15 16 17 | (36)

N 1 5 25 51 33 17 11 55 53 43 67 39 47 13 65 29 71 59

Il 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 | (36)

N| 73 69 49 23 41 57 63 19 21 31 7 35 27 61 9 45 3 15

I 0 34 1 28 32° 6 13 35 &5 25 26 21 2 30 15 27 4 29 | (36)

N | 39 41 43 45 47 49 51 53 55 57 59 61 63 65 67 69 71 73

T 11 22 9 33 12 20 38 8 7 23 17 31 24 14 10 19 16 18 | (36
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320 MR. G. T. BENNETT ON THE RESIDUES OF POWERS OF NUMBERS

m=84+4=—(14+0)*"2+7 N(@m =80 &(m)=32=22%2" H.E =14
y=Y (mod 4) =X+ 3(Y — y) (mod 20).

Generators 17, 8 4 ¢, 5 -+ 2.

0 0 0 1 ) 3 1 0
0 0 1 5420 37 2 3 0
0 1 0 8+ ¢ 1 0 0 0
0 1 1 18+ 4 1424 1 0 1
0 2 0 11 2430 0 3 1
0 2 1 1542¢ 3 3 2 0
0 3 0 124 3¢ 3+2¢ 2 2 1
0 3 1 2+3¢ 44 4 1 1 0
1 0 0 17 4437 3 3 0
1 0 1 1424 54-2¢ 0 0 1
1 1 0 44 4 6+ 4 2 1 1
1 1 1 14+ 4 7 1 2 0
1 2 0 7 7+ 2 3 2 1
1 2 1 11+2¢ © 84 4 0 1 0
1 3 0 8+3¢ 8+3¢ 1 3 0
1 3 1 18437 9 2 0 0
2 0 0 9 10+ ¢ 3 1 1
2 0 1 13424 10+4-8¢ 2 3 1
2 1 0 16+ < 11 0 2 0
2 1 1 64+ < 114-2¢ 1 2 1
2 2 0 19 o 12434 0 3 0
2 2 1 3+2¢ 13 3 0 0
2 3 0 B) 13422 2 0 1
2 3 1 10+43¢ 144 < 1. 1 1
3 0 0 13 14430 3 3 1
3 0 1 17+2¢ 15+42¢ 0 2 1
3 1 0 7 16+ 4 2 1 0
3 1 1 10+ < 17 1 0 0
3 2 0 3 17+2¢ 3 0 1
3 2 1 7424 184 < 0 1 1
3 3 0 4+3¢ 18+3¢ 1 3 1
3 3 1 1443¢ 19 2 2 0
(CV R CORNC) @ @ @
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FOR ANY COMPOSITE MODULUS, REAL OR COMPLEX.

m=4 4 8=— (1 + )1 +2) N(m)=80 &(m)=32=22%2" H K =

Y=Y (mod 4) =X+ 17 (Y — y) (mod 20).

Generators 17, 31, 17 -+ 2.

0 0 0 1 ) 1 3 0
0 0 1 17+ 2¢ 3¢ 0 1 0
0 1 0 37 1 0 0 0
0 1 1 10+ 3¢ 24 ¢ 2 3 1
0 2 0 11 2+43¢ 3 1 1
0 2 1 742 3 3 2 0
0 3 0 4+ < 3+24¢ 1 2 1
0 3 1 144 ¢ 4+ ¢ 0 3 0
1 0 0 17 542¢ 2 0 1
1 0 1 134-2¢ 6+ ¢ 3 3 1
1 1 0 16+ 3¢ 6+37 1 1 1
1 1 1 64 3¢ 7 1 2 0
1 2 0 7 7+ 0 2 1
1 2 1 3+2¢ 8+ 3¢ 2 1 0
1 3 0 ) 9 2 0 0
1 3 1 104 ¢ 9427 3 0 1
2 0 0 9 10+ ¢ 1 3 1
2 0 1 S+42¢ 104-34 0 1 1
2 1 0 8+3¢ 11 0 2 0
2 1 1 18+3¢ 124 ¢ 2 3 0
2 2 0 19 124+ 3¢ 3 1 0
2 2 1 15420 13 3 0 0
2 3 0 124 7 1342¢ 1 0 1
2 3 1 24 1 144 < 0 3 1
3 0 0 13 15422 2 2 1
3 0 1 942 16+ ¢ 3 3 0
3 1 0 12434 16434 1 1 0
3 1 1 243 17 1 0 0
3 2 0 3 17424 0 0 1
3 2 1 194+2¢ v 1843¢ 2 1 1
3 3 0 164 ¢ 19 2 2 0
3 3 1 6+ ¢ 19424 3 2 1
4 @ (2 @ @

MDCCCXCLITL— A, ’ 2 T
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322 MR. G, T. BENNETT ON THE RESIDUES OF POWERS OF NUMBERS
m=9=3" N(m)=81 &(m)=72=2%33 H E =24
x=X (mod 9) y=Y (mod 9).
Generators 2 4 7, 4 4 31.

0 0 1 8 0 4402 16 0 743
0 1 4432 8 1 7 16 1 1462
0 2 7460 8 2 143 16 2 4
1 0 2414 9 0 2470 17 0 2+4a
1 1 541 9 1 S5+71 17 1 5444
1 2 841 9 2 8471 17 2 8444
2 0 344e 10 0 6470 18 0 7
2 1 7 10 1 342 18 1 6+4e
2 .2 647 10 2 4q 18 2 347
3 0 2422 11 0 5+2¢ 19 0 849
3 1 2+ 50 11 1 5451 19 1 8+ 5¢
3 2 2487 11 2 5+81 19 2 84-8¢
4 0 2462 12 0 8 20 0 543
4 1 8+3¢ 12 1 5462 20 1 2
4 2 5 12 2 2431 20 2 8461
5] 0 7+ 54 13 0 7+8¢ 21 0 7+20
5 1 4 5¢ 13 1 4487 21 1 4i4-27
5 2 1452 13 2 148 21 2 14-2¢
6 0 8¢ 14 0 65 22 0 3+21
6 1 34517 14 1 24 22 1 64-8¢
6 2 6+2¢ 14 2 3+8¢ 22 2 5¢
7 0 14-7¢ 15 0 7+ 74 23 0 4477
7 1 1444 15 1 744 23 1 4440
7 2 144 15 2 71 23 2 4+
@4 (3) (24) 3) (24) 3)
s 18 0 3+ 10 1 642 2 2
2 14 1 3+2¢ 22 0 6+2¢ 6 2
44 10 2 3+4e 2 0 644w 18 1
5 22 2 3+5¢ 6 1 6+ He 14 0
7 2 1 3+74 18 2 6477 10 0
87 6 0 3+8¢ 14 2 6482 22 1
L 0 0 4 16 2 7 8 1
144 7 2 444 23 2 744 15 2
1427 21 2 4420 21 1 7+2¢ 21 0
1+32 8 2 4434 0 1 7430 16 0
1+44a 7 1 44-4e 23 1 7+4a 15 1
1+5e 5 2 4457 5 1 7451 5 0
1462 16 1 4461 8 0 7467 0 2
1474 7 0 44 7¢ 23 0 747 15 0
14-8¢ 13 2 4481 13 1 7+8 13 0
2 20 1 b5 ' 4 2 8 12 0
241 1 0 5414 1 1 841 1 2
242 3 0 542¢ 11 0 8421 19 0
2437 12 2 5430 20 0 8431 4 1
2444 17 0 544 17 1 844z 17 2
2451 3 1 5450 1L 1 8451 19 1
2461 4 0 S+0t 12 1 8462 20 2
Q47 9 0 5+ 9 1 8474 9 2
24 8¢ 3 .2 5481 11 2 8+ 81 19 2
24y (3) (24) (3) , 24)  (3)
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FOR ANY COMPOSITE MODULUS, REAL OR COMPLEX. 323

m=94i=—i(14+9(@4+5) N(m)=282 &(m)=40=2%5
H.E. =40 2=X+4 73Y (mod 82).

m=149= (14145 +4)) N(m)==82 ®(m)=40=2%5
H E =40 a2=X 4 9Y (mod 82).

o Generator 7.

(,,\\*\‘4

A S

§>.‘ I o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 (40)

O

Q{‘;—1 N 1 7 49 15 23 79 61 17 37 13 9 63 31 53 43 55 57 71 5 35

= Q) B

L O

= uw I 20 21 22 23 24 25 26 27 28 29 30 31 32 38 34 35 36 37 38 39 (40)
N 81 75 33 67 59 3 21 65 45 69 73 19 51 29 39 27 25 11 77 47

PHILOSOPHICAL
TRANSACTIONS
OF

N, 1 3 5 7 9 11 13 15 17 19 21 23 25 27 29 31 33 35 37 39

If 02 18 1 10 837 9 3 7 31 26 4 36 35 33 12 22 19 & 34 (40)

N | 43 45 47 49 51 53 57 59 61 63 65 67 69 71 73 Y5 77 79 81

(%14
333

Il 14 28 39 2 32 13 15 16 24 6 11 27 23 29 17 30 21 38 &5 20 (40)
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324 MR. G. T, BENNETT ON THE RESIDUES OF POWERS OF NUMBERS

m=94 2= —1(2419)(14+40) 249 =(1420))(4413) 74+6i=(247) (4+7)
or 6+ 75 = — i (142i) (1+ 4).
Forall N (m)=85 & (m)=64=2%2' H.E.=16.

m=9-421 x=X+438Y (mod 85) m=2491 ax=X-+47Y (mod 85)
m=746; x=X-+413Y (mod 85) m=6+7 ==X-+472Y (mod 85).

Generators 3, 52.

l !
00| 1 8 o0 | 16 | 1 0 0 43 | 2 1
0 1 | 52 8 1 | 67 | 2 | 14 3 44 301
0 2 | 69 8 2 | 84 3 10 a6 | 13 1
03 18 8 3 | 33 | 412 2 47 41
10 3 9 0 | 48 6 15 3 48 9 0
11 Tn 9 1 | 31 7110 49 G 0
1 2 | 37 9 2 | 82 8 | 10 1 52 0 1
1 3| 54 9 3 | 14 9 2 0 53 | 14 1
2 0 9 10 0 | 59 11 703 54 1 3
2 1 | 43 10 1 8 12 | 13 2 56 5 1
2 2 | 26 10 2 | 7 13 4 3 57 | 150
2 3 | 77 10 3 | 42 14 9 3 58 | 11 2
30 | 27 10 7 16 8 0 5 | 10 0
301 | 44 111 | 24 18 0 3 61 3 3
32 | v8 12 | 58 19 | 14 0 62 70
3 3 | 6l 11 3 | 4 21 | 12 0 63 | 13 0
40 | 81 120 | 21 22 5 2 64 4 2
41| 4y 12 1 | 72 23 | 15 2 66 6 2
42 | 64 12 2 4 24 | 11 1 67 8 1
4 8 | 13 12 3 | 38 26 2 2 69 0 2
5 0 | 73 13 0 | 63 27 30 71 11
5 1 | 56 13 1 | 46 28 72 2 | 12 1
5 2 | 22 13 2 | 12 t 29 | 13 3 73 5 0
5 3 | 39 13 3 | 29 | 31 9 1 4 | 15 1
6 0 | 49 4 0 | 19 | 32 6 3 76 | 10 2
6. 1 | 83 4 1 | 53 33 8 3 77 2 3
6 2 | 66 4 2 | 36 | 36 | 14 2 78 3 2
6 3 | 32 14 3 2 37 12 79 71
70 | 62 15 0 | 57 38 | 12 3 81 4 0
71|79 15 1 | 74 39 5 03 82 9 2
7 2 | 28 5 2 | 23 M3 83 6 1
73 |11 15 3 6 42 | 10 3 84 8 2
|
(16) (4) (16) (4 (16)  (4) (16) (4)
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FOR ANY COMPOSITE MODULUS, REAL OR COMPLEX. 325

m=8+5 N(m)=289 &(m)=88=2%11 H.E. =88 =X+ 34Y (mod 89).
m=>5-+8 N(m)=289 ®(m)=88=2%11 H.E =88 =X+ 55Y (mod 89).

Generator 3.

T/ 0 1 2 38 4 5 6 7 8 910 11 12 13 14 15 16 17 18 19 20 21 | (88)

N| 1 3 9 27 81 656 17 51 64 14 42 37 22 66 20 60 2 6 18 54 73 41

T]22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42 43 | (88)

N |34 13 30 28 84 74 44 43 40 31 4 12 36 19 57 82 68 26 78 56 79 59

T 44 45 46 47 48 49 50 51 52 53 54 55 56 57 58 59 60 61 62 63 64 65 | (88)

N |8 8 80 62 8 24 72 38 25 75 47 52 67 23 69 29 87 83 V1 35 16 48

I|66 67 68 69 70 71 72 73 74 V5 76 77 78 79 80 8L 82 83 84 85 86 87 | (88)

N |55 76 50 61 5 15 45 46 49 58 85 77 53 70 32 7 21 63 11 33 10 30

N|l1 2 3 4 5 6 7 8 910 11 12 13 14 15 16 17 18 19 20 21 22

I, 0 16 1 32 70 17 81 48 2 86 84 33 23 9 7L 64 6 18 35 14 82 12 | (88)

N |23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42 43 44

T|57 49 52 39 3 25 59 87 31 80 85 22 63 34 11 51 24 30 21 10 29 28 | (88)

N | 45 46 47 48 49 50 51 52 53 b4 55 56 57 58 59 60 61 62 63 64 65 66

T|72 73 54 65 74 68 7 55 U8 19 66 41 36 75 43 15 69 47 83 8 5 13 | (88)

N |67 68 69 70 71 72 73 74 75 76 77 78 79 80 81 82 83 84 85 86 87 88

I|56 38 58 79 62 50 20 27 53 67 77 40 42 46 4 37 61 26 76 45 60 44 | (88)
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326 MR. G. T. BENNETT ON THE RESIDUES OF POWERS OF NUMBERS

m=9+483t=—1(14+7) (1 +2)3 N(m)=90 & (m)=32=2%2°
HE=8 y=Y(@mod3) 2=X+ 7 (Y — ) (mod 30).

Generators 2 -+ 4, 7.

@fﬂ 0 0 1 : i 0 1
~ 0 1 i 1 0 0
— 0 2 29 Qpq 1 0
< — 0 3 949 3497 41
> C 1 0 Ot i Ati 3 9
@) o 11 29 + 2 5420 3 0
[~ 1 2 72 641 4 3
= O 1 3 1044 7 6 1
o 2 0 Y 749 1 2
o 2 1 17 9+2 0 3
2 2 1542 1044 1 3
Y7, 2 3 1% 11 4 0
5z 3 0 5424 1244 6 2
=0 3 1 19421 18 2 3
a5, 3 2 dtq 134924 7 3
025 3 3 2041 V4-+4 5 9
82 40 11 15494 2 2
=Z 4 1 342 16+4 5 1
T 42 19 17 2 1
4 644 ;
5 3 2>i§z %54-22 Z g
5 1 16+4 19+2 3 1
.2 2 ;gké gow 3 3
5 3 3420 94 70
6 0 o7 494 23 6 3
6 1 7 93 +92¢ 5 3
6 2 1244 241 2 0
6 3 23 25 4-2¢ 5 0
7 0 22414 2614 71
71 96+14 o7+ 24 6 0
79 1742 29 0 2
7 3 1342 29 + 92 11
<« 8 O
N
—
S~
O H
=
)
O
= w
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FOR ANY COMPOSITE MODULUS, REAL OR COMPLEX 327

m=34+9= (147 (247¢)38 N(m)=90 & (m)=32=2% 2}
HE =8 y=Y(mod 8) w=X 4 23(Y — y) (mod 30).

Generators 28 4 21, 21 -+ 2u.

0 0 1 ) 0 3
0 1 214 2¢ 1 0 0
0 2 29 14-2¢ 1 3
0 3 ) 34-2¢ 6 2
1 0 23+ 2¢ 4+ 7 3
1 1 20+ 5420 5 2
1 2 28+1 642 2 2
1 3 1424 7 6 1
2 0 154-2¢ T+2 5 1
2 1 17 8414 7 2
2 2 67 1042 3 1
2 3 13 11 4 0
3 0 2647 11424 3 3
3 1 1044 13 2 3
3 2 25+ 24 13424 7 0
3 3 114-2¢ 1444 5 3
4 0 11 154-2¢ 2 0
4 1 2441 1647 5 0
4 2 19 17 2 1
4 3 2742 17424 7 1
5 0 1644 184 6 0
5 1 742 19 4 2
) 2 5420 2047 1 1
b 3 1444 2142¢ 0 1
6 0 1844 : 23 6 3
6 1 7 23+2¢ 1 0
6 2 3+2¢ 2444 4 1
6 3 23 25427 3 2
7 0 134+2¢ 26+ 3 0
7 1 17+2¢ 274+2¢ 4 3
7 2 8+1 28+4¢ 1 2
7 3 444 29 0 2
® @ ® W
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328 MR. G. T. BENNETT ON THE RESIDUES OF POWERS OF NUMBERS

m=944i N(m)=97 &(m)=96=2.3 HE =96 o=X -+ 22Y (mod 97).

m=449 N@m)=97 &(m)=96=2.3 H.E =96 =X+ 75Y (mod 97).

<ot

Generator 5.

lyro0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 | (96)

N 1 5 25 28 43 21 8 40 6 380 53 71 64 29 48 46 36 83 27 38

1] 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 | (Y6)

N 93 77 94 82 22 13 65 34 73 74 79 7 35 78 2 10 50 56 86

1] 39 40 41 42 43 44 45 46 47 48 49 50 51 52 53 b4 55 56 57 | (96)

N | 42 16 80 12 60 9 45 31 58 96 92 72 69 54 76 89 57 91 67

I ] 58 59 60 61 62 63 64 65 66 67 68 69 70 7L 72 73 74 V5 76 | (96)

N | 44 26 33 68 49 51 61 14 70 59 4 20 3 15 75 84 32 63 24

I} 77 78 79 80 81 82 83 84 85 86 87 88 89 90 91 92 93 94 95 | (96)

N | 23 18 90 62 19 95 87 47 41 11 55 81 17 85 37 88 52 66 39
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FOR ANY COMPOSITE MODULUS, REAL OR COMPLEX. 329
| , , . ;
N 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
1 034 70 68 1 8 31 6 44 35 8 42 25 65 71 40 89 V8 8l 9 (96)
N 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39
I 5 24 77 76 2 59 18 3 13 9 46 74 60 27 32 16 91 19 95 (96)
N 40 41 42 43 44 45 46 47 48 49 50 5l 52 53 ’5»1« 55 o6 57 58
1 7 8 39 4 58 45 15 84 14 62 36 63 93 10 52 87 37 55 47 | (Y6)
N 59 60 61 62 63 64 65 66 67 68 69 70 VL 2 73 VL 75 76 77
1 67 43 64 80 75 12 26 94 57 61 51 66 11 50 28 29 72 53 21 (96)
N 78 79 80 81 82 83 84 85 86 87 88 89 Y0 91 92 93 94 95 96
I 33 30 41 88 23 17 73 90 38 83 92 54 79 56 49 20 22 82 48 (96)
m=7+7= (1447 N(n)=98 & (m)=48=2.3 H. E =48
y=Y (mod7) z=X+7Y — y (mod 14).
Generator 2 + 1.

— - i B N
01 24 | 13 i |12 T2 | 44
1 244 25 5465 | 37 4 7+4d 28
2 3+4¢ 26 4430 i b 20 7+ 67 36
3 9442 27 12 43¢ , 1 0 8+ 22
4 3 28 7444 142 19 8+37¢ 23
b5} 11467 29 1044 1+4+4q 17 8+ 52 37
6 9424 30 12454 146 10 9 32
7 9464 31 1247 L 247 1 9+2¢ 6
8 5 32 9 b2+ 3 21 9444 3
9 10+ 54 33 11+2¢ [ 2451 42 94 62 7

10 1460 34 641 o 40 10 +4 29
11 3467 35 447 842 15 10437 14
12 7 36 7+6¢ I S ) 2 104572 -9
13 13+ 2¢ 37 8+ 5¢ I 3464 11 11 16
14 10+37 38 11447 [ 35 11 +2¢ 33
15 3+27 39 4451 § 4+ 34 26 11 +4 38
16 11 40 3 45 39 11+6¢ S
17 1+42 41 6437 LB 8 1244 31
18 5+2¢ 42 2457 5+2¢ 18 12434 97
19 14-2¢ 43 6+ 52 5 +47 45 12452 30
20 5 44 742 5467 25 |13 24
21 243 45 S+4z 6+ 34 1842¢ 13
22 8+7 46 13467 Po6+3 41 183 +4« 47
23 8+32 47 13 +4¢ | O6+5¢ 43 13+6: 46
|

(48) (48) (48) (48
MDCCCXCLLL —A. Ju



http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

330 MR. G. T. BENNETT ON THE RESIDUES OF POWERS OF NUMBERS

m=8 4 6r= — (1 4+ 2)* (1L 4+ 2¢)> N (m) =100 & (m)=40=2.25.
H . E.=20 y=Y (wod 2) a=X+ 7(Y — y) (mod 50).

Generators 3, 44 -+ 7.

i f |

00 1 10 0 49 il 11 2447 41

0 1 | 4444 10 1 | 4244 ol 0 0 247 | 9 1
4 Lo 3 110 47 24 2 1 27 300
-~ 11 4644 11 4044 3 1 0 29 6 0
— 20 9 12 0 4 A 8 1 30414 71
<> 2 1 1 244 121 3ddd 644 | 17 1 31 40
>-*F 30 27 13 0 | 23 o 15 0 3244 | 18 1
Om 31 | 2044 13 1 1644 9 2 0 33 9 0
A 4 0 31 140 19 1044 | 19 1 3+ | 12 1
= O 4 1 2444 141 1244 1l g8 0 3644 | 5 1
aole) 5 0 @ 43 B0 7 1240 | 14 1 37 0, 70

5 1 B6+i C1y1 i 13 17 0 39 18 0
=w 6 0 | 29 160 21 +i | 16 1 40+ | 111
—n 6 1 | 2244 L1601 14 1644 | 13 1 41 12 0
5z 70 37 17 0 13 Y, 19 0 4244 | 10 1
=0 7 1 | 8044 17 1 641 10 14 0 43 500
=5 8 0 | 11 18 0 39 2044 301 ddti 10 1
0%5 8 1 | d4y 18 1 8244 21 160 4644 . 1 1
84 9 0 | 33 19 0 17 2244 61 47 1o
=Z 9 1 . 2644 19 1 1044 23 13 0 49 - w o
o | |

(20) (2) (20) (2) (20) (2) (20) (2)

m=0648 =~ (1 +0)*2 41 N@)=100 & @m)=40=2.2°.5

HoE =20 y=Y(mod 2) =X+ 43 (Y — y) (mod 50).

Generators 3, 8 + 7.

| i i
00 1 10 0 | 49 i 5 1 2+i | 14 1 |
01 841 10 1 641 1 0 0 97 3 0
1 0 3 11 0 | 47 3 10 9844 1 16 1
% L 1 | 1044 111 deti dti | 11 1 |29 60
~ 2 0 9 12 0 | 41 64+¢ | 10 1 304+i | 13 1
— 2 1 | 1644 12 1 | 4844 7 15 0 31 4 0
< 3 0 | 97 13 0 | 23 844 0 1 33 9 0
> 31 | 34+ 13 1 | 3044 9 2 0 3441 3 1
O: 4 0 | 31 14 0 12 ﬂ)ﬂ é (1) ggﬂ ; (1)
4 1 | 3844 14 1 | 2644
i” 5 0 | 43 15 0 7 13 17 0 38+ 4 1
1 5 1 ; 15 1| 1444 T44+i | 15 1 39 18 0
L O 6 0 | 29 16 0 | 21 1644 9 1 40+ 9 1
~w 6 1 | 3641 16 1 | 2844 17 19 0 41 12 0
— 7 0 | 37 17 0 | 13 1841 8 1 43 500
<z 7 1 | 4d4q 17 1 | 2044 19 1400 dti |71
€0 8 0 | 11 18 0 | 39 2044 | 17 1 A64+5 | 18 1
= 8 1 | 18+ 18 1 | 46+ 21 16 0 47 1 o
085 9 0 | 33 19 0 | 17 23 }a (1) igﬂ if)) '(1)
@ 9 1 | 4041 19 1 | 2444 24t ¢ 9 :
32
] . | I _
zZ (20) (2) (20) (2) (20) 2) (20) 2)
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FOR ANY COMPOSITE MODULUS, REAL OR COMPLEX. 331

m=10=—(140)*(1 + 20)(2 +7) N(m)=100 &(m)=32=2.2%2% H.E =4
=X (mod 10) y=7Y (mod 10).

Generators 9 4 47, 9 4+ 62, 6 + 5.

4 0 0 0 1 i 1 3 1
< 0o 0 1 6451 3i 0 2 1
= N 0o 1 0 9+ 67 7w 2 0 1

0o 1 1 4+ 4 9% 3 1 1
< O 2 0 548 1 0O 0 0
> C 02 1 3 144 2 8 0
@) o 0 3 0 7424 1466 3 2 0
e 0o 3 1 2471 243 3 0 1
1S 1 0 0 9+ 44 2450 1 1 1
O % g) (1). 47b+9¢ 247; g 3 1
. 3 3 3 0
=w 111 2450 3494 1 2 0
20 1 2 0 3492 , 348 2 1 0
% 12 1 8-+7i 4t 4 0o 1 1
== 1 3 0 54 6i 450 2 2 1
&S 1 3 1 i 4+9i 1 0 1
g< o 2 0 0 5+2i 5420 2 0 0
o14 2 0 1 73 S+4i | 3 10
=Z 2 1 0 3+8i 5+ 61 1 3 0
T 2 1 1 8+3i 5+8( 0 2 0
== 2 2 0 9 6+ 1 3 2 1
2 2 1 4+ 5i 6+ 50 0 0 1
2 3 0 1444 6+9¢ 2 3 1
9 3 1 6+9¢ 7 1 1 0
3 0 0 748 7 +20 0 3 0
3 0 1 2434 7481 3 0 0
3 1 0 5444 8+3( 2 1 1
3 1 1 9 8+ 54 3 3 1
3 2 0 1+46¢ 8+ 70 1 2 1
3 2 1 6+ i 9 2 2 0
3 3 0 3 9444 1 0 0
3 3 1 8+ 5i 9-+ 66 0 1 0
g (4) (4 (2 ) @ @
- <$

~

-
S~
o5

e
= O
= QO
= w
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Mod (1 4 7). Mod (1 +1)2. Mod (1 4 7).
S 2 (Generator 7. Gtenerator 1.
] o |
ERUREAS I i1 | i 1
| | IR o3 2
o 0 L 24 3
@ D) 5 1 | 0
:é (4)
—
olm
= Mod (1 + )t
= O
EO Generators 7, 1 - 27,
w
7 N | T B T
5% o o0 1 ; 10
=2 01 142 3 30
&S 10 i 1 o 0
Q<3 11 24 0 | 1420 01
e 2 0 3 | 24 4 11
=% 2 1 34u 94 13 3001
T 30 S 3 2 0
ol 301 243 1[ B4 21 2 1
|
1) (2) (4 (2)
Mod (1 + i)
z 4 Generators 7, 1 < 27, 3.
0 0 0 1 o 1 0 0
0o 0 1 3 3 1 o0 1
@ 0 1 0 149 1 0o 0 0
. 0o 1 1 742 IR e 0o 10
5 > Lo 5 b o1
@) = 1 1 0 64+ < ' 3 0 0 1
= = 111 2.4 3¢ 842 2 1 0
— 2 0 0 7 L A 3 0 1
Eg 2 0 1 5 A B0
2 1 0 342 5 1
o 9 1 1 542 542 2 1 1
. 3 0 0 A 3i G4 4 11 0
< 3 0 1 4+ 7 G4+ 3 3 1 0
2% 3 1 0 6+3i LT 20 0
= 301 1 24 4 Tt 0o 1 1
o9y S * .
25° ‘ 4 (@ (@)
Oz (4) (2) (2) ) (@) (
Ta
oy
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FOR ANY COMPOSITE MODULUS, REAL OR COMPLEX. 333

Mod (1 + i)t.

Generators 7, 1 4+ 21, 3.

0 0 o0 1 i 1 0 0
4 0 0 1 3 3 1 0 1
T 0 1 0 142: 54 3 0 1
—~ 0o 1 1 3+6¢ 74 3 0 0.
< ¢ 1| i by | 300
0 2 1 +44 142 0
>‘E 0 3 0 5460 144 2 1 1
@ o 0 3 1 742 1+6i 2 3 1
e = 1 0 0 i §+3¢ 3 3 1
1 0 1 3i +3i 1 1 1
Eg 1 1 0 6+ 4 2+ 51 1 3 0
1 1 1 243 2474 3 1 0
Hw 1 2 0 4450 3 0 0 1
- 1 2 1 4470 34+2; 2 3 0
5z 1 3 0 2451 3440 2 2 0
=0 1 3 1 6470 3+6i 0o 1 1
a5, 2 0 0 7 At 3 2 1
035 2 0 1 5 4430 3 2 0
8<£ 2 1 0 7460 4450 1 2 0
L b | YRR
- 2 y 3+4 o 2
Al 2 2 1 1444 542 2 1 1
2 3 0 342 54 dq 0 2 0
2 3 1 1464 5460 0 3 0
3 0 0 7 6+ 4 1 1 0
3 0 1 5i 6+3i 3 3 0
3 1 0 2474 6454 3 1 1
3 1 1 6+ i 67;+7«z ; g 1
3 2 0 4+30 : 0
3 2 1 At 4 7 42i 0 3 1 !
3 3 0 6+ 3i 7444 0 2 1
3 3 1 2+ i 7+ 61 2 1 0
@ @ ©® @ & @
P |
g
<
-
<
—
=
O
L
O
O
= w
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Mod (1 + 4.

Generators 7, 3, 1 4 24,

0 0 0] 1 20 0 15 il 0 0 8+4il1 2 0
0 0 1| 1+2 |2 0 1| 7+6 301 1 0| 843 /1 3 0
é 0 0 2|13+44]2 0 2| 11+44 53 3 0] 8453 1 0
__JN 0 0 3|134+6/2 0 3 11+2 708 2 0 8+7 |3 0 0
= 0o 1 0] 3 2 1 013 1 0 0 0] 9 0 2 0
= > 0 1 1] 846/ 2 1 1| 542 14200 0 1| 9420 2 1
— 0 1 2| 15+4d|2 1 2 9+44d T4+4i 12 3 2| 944il2 1 2
@) 5 0 1 8| 7422 1 3| 1460 146/ 2 1 3| 946i 2 3 3
A 0 2 0] ¢ 9 2 0| 7 2+ i3 3 3[1044i|3 1 3
1 ®) 0 2 1| 9422 2 1|1s5+6 243/ 1 3 101043 1 1 1
T O 0 2 2| 544d (2 2 2| 344 o945 1 0 31045 1 2 3
=& 0 2 3| 5+6.2 2 3| 3+% 204713 2 1/104% 3 0 1
0 3 0 11 2 3 0| 5 30 1 o1 0 3 0
22 0 3 1|11+6/2 3 1|13+2 342,12 2 311422 0 3
U% 0 3 2| 7+4)|2 3 2| 1444 Be4di |2 2 2| 11440 |2 0 2
= 0 3 3154202 3 3| 946 3461 6 1 1| 1146/ 0 3 1
a5, 1 0 0 i3 0 0| 847 4+ 403 1 2012447, 3 3 2
Q<0 1 0 1|M+4|3 0 1110+7% 4433 0 21243 |3 2 2
oZ 10 2] 445 |3 0 2 443 A4+50 01 0 201245 1 2 2
=% 1 0 3| 2453 0 3 6+3 4711 21247 1 3 2
o 1 1 0 303 1 0] S8+ 2 3 013 2 1 0
ol 11 1110433 1 1 ld+5 ; 542002 1 1| 1842 2 3 1
1 1 2] 4473 1 2 4+ 4 S4di |02 2018440 0 0 2
11 3| W47 |3 1 3 104 ¢ 546/ 0 2 301346/ 0 0 3
1 2 0| 8+43 2 0 7i 6+ 4 1 2 1| 14+4,1 0 1
1 2 1| 6+4l8 2 1| 247 643 3 0 3| 14+3 3 2 3
1 2 20124503 2 2 1243 64503 3 1| 14+5 3 1 1
1 2 31045 |3 2 3| 1443 64711 3 8| 1447 1 1 3
1 3 0 8+3% |3 3 0 54 7 2 2 0|1 12 0 0
1 8 1] 243 |3 3 1| 6+5 74210 1 3154200 3 3
1 38 21247 |3 3 2|12+ ¢ T4+4i |0 3 2| 1544i 0 1 2
1 3 3| 647 |3 3 3| 244 74612 0 L) 1546/ 2 2 1
CONCONC (4) (1) ) ) M) 4 4) ) 4)
"
\4\@
2
—
cls
=
= O
L O
f=w
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FOR ANY COMPOSITE MODULUS, REAL OR COMPLEX. 335

Mod (1 + i)

Generators 1 4 22, 3, ¢
0 0 0 1 2 0 0 134+ 4o 4 0 0 9+ 8 6 0 0 o+ 127
// ol 0 0 1 v 2 0 1 124137 4 0 1 84+ 9 6 0 1 4+ b
Q\L\J 0 0 2 15 2 0 2 3+12¢ 4 0 2 7+ 8 6 0 2 114+ 44
— 0 0 3 157 2 0 3 4+ 3 4 0 3 8+ 77 6 0 3 124112
< 0 1 0 3 2 1 0 7+12 4 1 0 11+ 8 6 1 0 15+ 4o
> > 01 1 3 2 1 1 44+ 70 4 1 1 8+114 6 1 1 124154
o[—‘ 01 2 13 2 1 2 9+ 4o 4 1 2 5+ 8¢ 6 1 2 1+12¢
I~ = 01 3 13 2 1 3 124+ 9 4 1 3 8+ 5 6 1 3 4+ ¢
— 0 2 0 9 2 2 0 54 4o 4 2 0 1+ & 6 2 0 134127
= O 0 2 1 97 2 2 1 12+ 54 4 2 1 8+ ¢ 6 2 1 4+ 137
: O 0 2 2 7 ) 2 2 2 11+12¢ 4 2 2 15+ 82 6 2 2 3+ 44
=w 0 2 3 70 2 2 3 44117 4 2 3 84157 6 -2 3 124 3¢
- 0 3 0 11 - 2 3 0 154120 4 3 0 3+ 8 6 3 0 74+ 44
<z 0 3 1 114 2 3 1 44157 4 3 1 84+ 3¢ 6 3 1 124+ 72
Eo 0 3 2 b} 2 3 2 1+ 4« 4 3 2 134+ & 6 3 2 94127
25 = 0 3 3 5 2 3 8 12+ ¢ 4 3 3 84137 6 3 3 4+ 9
8Uu. 1 0 0 1+ 2¢ 3 0 0 54144 5 0 0 9+102 7 0 0 134+ 6¢
m%o 1 01 4+ <« 3 0 1 24 57 5 0 1 6+ 92 7 0 1 10+132
92 1 0 2 15+ 14e 3 0 2 11+ 2¢ 5 0 2 7+ 61 7 0 2 3+10z
E;E 1 0 3 24154 3 0 3 144112 5 0 3 10+ 74 7 0 3 64+ 3¢
& 1 1 0 3+ 64 3 1 0 15+10¢ 5 1 0 11+ 142 7 1 0 T+ 2
1 11 10+ 3¢ 3 1 1 64157 5 1 1 2411z 7 1 1 14+ 77
I 1 2 13+102 3 1 2 14+ 62 5 1 2 54+ 2 7 1 2 94144
1 1 3 64137 3 1 3 10+ < 5 1 3 14+ 57 7 1 3 24 97
1 2 0 9+ 2 3 2 0 13+ 142 5 2 0 14102 7 2 0 5+ 64
I 2 1 14+ 9¢ 3 2 1 24137 5 2 1 64 4 7 2 1 10+ 5¢
1 2 2 7 +144 3 2 2 3+ 20 5 2 2 154+ 62 7 2 2 114102
1 2 3 2+ 7¢ 3 2 3 144 3¢ 5 2 3 104157 7 2 8 6411z
1 3 0 11+ 62 3 3 0 74102 5 3 0 3+ 142 7 3 9 154+ 2¢
1 3 1 10411z 3 3 1 64+ 77 5 3 1 24 3¢ T3 1 14415
1 3 2 54102 3 3 2 9+ 67 5 3 2 184+ 27 7 3 2 1+14¢
1 3 3 6+ o¢ 3 3 3 104+ 92 5 3 3 14+ 132 7 3 3 2+ 9
(8) (4) (%) (8) (4) () (8) (4) (4) (CIXCIXC))
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336 MR. G. T. BENNKTT ON THE RESIDUES OF POWERS OF NUMBERS.

Mod (1 + i)t.

i
|
|
|
¢

) 0 01 44 6 1 3 8+ < 42 1 124 o 2 3 3
3e 01 1 44 30 2 0 3 8+ B¢ 4 3 1 12+ 3¢ 6 2 3
5t 0 3 3 44 5i 6 0 1 3+ 56 4 1 3 124 5i 2 21
7t 0 2 3 4 7i 21 1 8+ 7 4 0 3 124 7 6 3 1
94 0 2 1 4+ 90 6 3 3 84 9 4+ 0 1 12+ 9 2 1 3
114 0 31 4+114 2 2 3 84117 4 1 1 124110 6 0 3
134 01 3 4+13¢ 6 2 1 84134 4 3 3 12+413¢ 2 0 1
154 0 0 3 4+ 15¢ 2 35 1 84 15¢ 4 2 3 124154 6 1 1
1 0 0 0 b 0 3 2 9 0 2 0 13 0 1 2
14 2¢ 100 S+ 2 51 2 9+ 2 120 134 2 5 3 2
14 4o 2 3 2 S+ 4d 2 2 0 94 dd 2 1 2 134 44 2 0 0
14+ 60 3 1 2 54 60 7 2 0 9+ 60 3 3 2 134+ 6/ 7 0 0
14 8¢ 4 2 0 5+ 8 4 1 2 9+ & 4 0 0 13+ 8¢ 4 3 2
1+10¢ 5 2 0 5410¢ 1 3 2 94104 5 0 0 13+10¢ 1 1 2
14+12¢ 6 1 2 5412 6 0 0 9+12¢ 6 3 2 134-12¢ 6 2 0
14144 7 3 2 54140 3 0 0 94144 7 1 2 134144 3 2 0
24+ 4 7 3 3 6+ ¢ o 2 1 10+ ¢ 3 1 3 144 4 1 0 1
24 3¢ 5 31 6+ 3¢ 7 0 3 10+ 34 1 1 1 144 3¢ 3 2 3
24 57 3 0 1 6+ 5¢ 1 3 3 10+ 5¢ 7 2 1 144 5¢ 5 1 3
24 70 1 2 3 64 70 3 3 1 10+ 7 5 0 3 4+ 70 711
24 9 71 3 64 9 5 0 1 104 97 3 3 3 144 9¢ 1 21
24114 5 1 1 6411i 7 2 3 10411 1 3 1 144117 3 0 3
2+13¢ 3 2 1 64 13¢ 11 3 10+13¢ 7 01 144130 5 3 3
24-15¢ 1 0 3 64 15¢ 3 1 1 104-15¢ 6 2 3 144-15¢ 7 3 1
3 01 0 7 0 2 2 11 0 3 0 15 0 0 2
3+ 2 3 2 2 T4 2 7 1 0 114 20 3 0 2 154+ 24 73 0
3+ 4e 6 2 2 7+ 4¢ 6 3 0 14 de 6 0 2 154 44 6 1 0
3+ 60 1 10 7+ 60 5 0 2 114 6¢ 1 3 0 15+ 60 5 2 2
34+ 8 4 3 0 7+ 8 4 0 2 114+ 8¢ 4 1 0 154 8¢ 4 2 2
3+410¢ 70 2 7+10¢ 3 3 0 11+410¢ 702 2 154 10¢ 310
3+4+12¢ 2 0 2 7+12 2 1 0 11+12¢ 2 2 2 154120 2 3 0
3+144 5 3 0 7+ 14 1 2 2 | 11414 5 1 0 154144 1 0 2
(OXCHNCY (8) (4) () (CXCIXCY ()4 4)
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